Céng ty Hoa Chéat Xay Dwng Phuwong Nam

Chuong 1

KHAI NIEM VA NGUYEN LY CO BAN
TRONG LY THUYET PHAN TU HOU HAN

Chuong nay trinh bay mét s6 khéi niém va nguyén 1y lam co s& cho 1y thuyét phén tir
hitu han. Trude hét, ta hdy tim hiéu néi dung khdi quét cda phuong phap phan tr hifu han.

§1.1. KHAI NIEM VE PHUONG PHAP PHAN TUHUU HAN

Phuong phap phan tir hitu han 1a mot cong cu ¢6 hieu lyc dé giai cdc bai toan co hoc
trong nhiéu linh lyc: Xay dung, Co khi v.v... N6 ¢6 thé 4p dung vio bit ¢ mét hé nao,
tr h¢ don gian nhir thanh dén hé phitc tap nhu ban, vo.

Tu nam 1955, Argyris (1) néu lén cdc dinh ly vé nang lugng va phuong phdp ma tran,
dat nén tang cho su phdt trién vé sau cia phuong phdp phin tir hiru han. Cuén sich ddu
tien vé phuong phap phan tir hitu han duge Zienkiewicz (2) vd Chung xuét ban vao nam
1967. V& sau, phuong phdp da duge dp dung vao cdc bai todn phi tuyén va bai todn bién
dang 16n.

Thuc chét cha phuong phdp phan tir hiru han la chia vat thé bién dang thanh nhiéu
phan tir ¢ kich thudc hitu han goi 1a phdn 4t hitu han. Cac phin tir niy duogc Lién két véi
nhau bing cdc diém goi 12 niit hodc diém iz (hinh 1.1).

Cac dac trung cha cdc phan tir hitu han duge phéi hop véi nhau dé dua dén mot 1ai
gidi tong (hé cho toan h¢. Chang han trong phuong phap chuyén vi, cac kam hink dang
dugc chon dé bi€u thi sy bién thién clia céc thanh phan chuyén vi trong phén tir hiru han
theo cic thanh phan chuyén vi tai cdc diém nidt. Ung sudt va bién dang trong phén tit hitu
han ciing duoc biéu thi qua cic thanh phan chuyén vi tai cdc niit. Mot s6 nguyén Iy co
ban nhu nguyén 1y cong do, nguyén 1y thé ning bé nhét dugc 4p dung dé thanh lap he
phuong trinh cin bang cho méi phédn tir hitu han.

Phuong trinh can bing cha toan hé két cau dugc suy ra bang cich phdi hop cic
phuong trinh cin bing cta cic phén tir hitu han riéng 1& sao cho vin bao dam duoc tinh
lién tizc clia toan bo két ciu.

Cudi cling, can ot vao cdc diéu kién bién, gidi he phuong trinh can bing téng thé dé
xdc dinh gia tri cha cdc thanh phan chuyén vi. Cdc thanh phdn nay s& dugce diing dé tinh
Ung sudt va bién dang.
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Hinh 1.1: a) M6 hinh phén ni hitu han mdi cong
b} Mé hinh phdn tu hitu han thdp lam lanh

§1.2. CAC DIEU KIEN CAN BANG

Mot vat thé bién dang 3 chiéu ¢6 thé tich V va mat S biéu thi nhu trén hinh (1.2). Mot
di€ém trong vat thé cé cic toa do x, y, z. Trén bién ciia n6, ¢é luc T tac dung trén don vi
dién tich goi la luc bién. Duéi tic dung ctia céc luc, vat bién dang cdc thanh phan
chuyén vi tai di€m c6 toa d¢ X, v, z biéu thi bang véc to chuyén vi:

U=t v w] (1.1)

Mat s

Hinh 1.2

" Trong cudn sach nay, nhdt quan st dung ( ]' 14 ma tran chuyén vi.
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Luc thé tich (do trong lugng) phan b trén don vi thé tich va dugc biéu th bing vecto:
f=If 1, £,)] (1.2)
Trong (1.1) va (1.2):
u - thanh phén chuyén vi trén phuong truc x.
v - thanh phan chuyén vi trén phuong truc y.
w - thanh phdn chuyén vi trén phuong truc z.
f, - luc the tich trén phuong truc x.
fy - luc thé tich trén phuong truc y.
f, - luc thé tich trén phuong truc z.
Cac thanh phan fuc bién dugc biéu thi bang vecto.
T=[T, Ty T, T (1.3)
Trong d6: T, - luc bién trén phuong truc x;
T, - luc bién trén phuong truc y;
T, - luc bién trén phuong truc z.
Luyc 1i¢p xiic, 4p luc tic dung trén bé mat, luc ma st 1A mot s thi du vé luc bién.

Téi trong P tdc dung tai diém i dugc biéu thi bing vecto:

P;=[P, P, P)] (1.4)
Trong dé:
P, - luc P trén phuong truc x; IE o
R | t T
P, - luc P trén phuong truc y; |
- ! .
P, - luc P trén phuong truc z. ! v, N
i " *
Cdc thanh phian ng suit biéu thj i VS,
trén hinh (1.3) . i i
Tyrg E .
: o
&, e S Y
G'x:Ux+—"‘LdX Tlx}r Txy+ - ydx ’:: :
% Ox T, | e
. III TIXZ
w =T ¥ 2dx @', =0, +—dy T o
' v L Ty
gy o oy 200 N
v =Ty, F ¥ Ty =T+ y S |
LTy oy L
[ Fa . ary_x /l,
o,=cx+az'dz, T’*:sz+azdz L
o,
=Tyt ?Z—dz

Hinh 1.3. Phdn 16 thé tich dV & thé' cdn bdng
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Céc thanh phan tng suit duge biéu thi bing vecto:
o' = [GxGyGZTszszxy] (1.5)

Trong dé: Oy, Oy, O, 1a cdc thanh phan tng suat phdp trén cic phuong x, y, z; Ty Txzo
T,y 12 cdc thanh phdn Ung suat tiép. Ung suat tiép chi 6 hai chi s6: chi s6 thit nhat biéu
thi phuong phdp tuyén clha mat tic dung, chi s thit 2 biéu thi phuong cla dng sudt tiép.
Chéng han T,y & tng sual ti€p tac dyng trén mat cé phuong phdp tuyén 13 x va phuong
cuanélay.

Luc tdc dung trén mat cha phan 6 bang tng svat nhan véi dién tich clia mat tuong
img. Thé tich cla phan t5 d, = d,d,d,. Lan lugt lap cdc phuong trinh hinh chi€u trén
phuong cdc truc z, y, z, ta duge cac diéu kién can bing nhu sau:

at
lacT"‘+ ‘W+ar“+f‘=0
ox oy oz
ot do, ot :
TS S L4, =0 (1.6)
OX oy 0z

atxz +atyz+aaz +1,
Ox oy Oz '

Lan luot 1ap cac phirong trinh mo men d6i véi cac truc x, vy, z, ta dugc:

T,, =T

xy = Tyxl

T, T

7y T, (1.7)

¥z X2 T vix

§1.3. CAC DIEU KIEN BIEN

Trén hinh (1.2), ta ¢6 diéu kién bién:
u=90 (1.8)

Ciing c6 thé ¢6 di¢u kién bién khdc, chéng han nhu u = a; u Ia véc to chuyén vi.

Bay git ta hdy xét phan t§ thé tich 4 mat ABCD nhu trén hinh (1.4). Cic canh AC,
AD, AB song song véi cdc truc x, y, z. Dién tich cia mit BCD bang dA.

Néu n,, n,, n, la cic thanh phan phdp tuyén don vi clia mat dA (ttc mat BCD), dién
tich cha mat ABD béang n,dA, dién tich cha mat ABC bang n dA, dién tich chia mat
ACD bang n,dA. Can ¢t vao cac diéu kién can bang trén cdc truc x, v, z, ta ¢ cdc didu
kién bien:

O N, + T Ny + 1,0, = T,

TNy 0,0, + 1,0, =T (1.9

y
TN + 1,0, +6,0, =T,
Céc dicu kién trén phai dugc thoéa man trén bé mat cda hinh (1.2).

Tai trong tic dung tai mét diém duge xem nhu téc dung trén mot dién tich vo cling bé.
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Dién tich mat BCD = dA

u
U+ —dx

Hinh 1.5. Mt bién dang ciia phan 16 (trong mdt phdng xoy)
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§1.4. HE THUC BIEN DANG - CHUYEN VI
Cdc thanh phin bién dang tmg véi phuong trinh (1.5) dugc biéu thi bing véc to:
e =[Ex € 8, Yyz Yux ny:l' (1.10)
Trong dé: &, €, €, la cdc thanh phén bi€n dang trén cdc phuong X, ¥, Z; Yy, Yo Yxy 12
céc (g sudt ti€p da duge dinh nghia trong phin trudc.
Hinh (1.5) bi€u thi bién dang clia mit dx - dy trong diéu kién bién dang bé.
Néu xét dong thdi cdc mat khéc, ta ¢6 véc to bién dang:

udvow v owdu 6w6‘u ov

g = [_——— (1.11)
2x 0y &z 0L By oz Ox By  ox

Hé thic trén goi 13 hé thitc bién dang - chuyén vi.

Can chi ¥ rang hé thiic nay ¢6 hiéu luc khi bién dang bé.

§1.5. HE THUC UNG SUAT - BIEN DANG

Dai vai vat liéu dan héi tuyén tinh, hé thifc tng suét - bi¢n dang dugc suy ra tir dinh
luat Hiic téng quat. P6i véi vat lieu dong tinh trén moi phuong, ¢é hai dic trung vat lidu
12 m6 dun dan héi E va hé s6 Poatxong. Pinh luat Hiic cho ta cdc hé thifc sau:

Oy UY G,
g, = —v—2 4+ —y—-& (1.12)
Y E E E
Oy GY 7
g,= ~V—2—-v —4vV
E E E
T T T

_ ¥, _ XL, _ Ay
sz_E’ sz__é"ny_E (1.13)

Trong d6, mo dun trugt:

G=_ " (1.14)
2{1+v)
Tir (1.12) ta c6:
€x+€y+sz=(1_E2v] (o, +0,+5,) (1.15)

Lan luot thay (o, +0,), (0, +0,), (0 + o) vao (1.12), ta dugc hé thic nghich dao:
c=Ds (1.16)
Trong d6 D 1a ma trdn clp 6 x 6.

10 http://vietnam12h.com



Céng ty Hoa Chéat Xay Dwng Phuwong Nam

1-v v v 0 0 0
v l—v 0 0 0
v v 1-v 0 0 0
D= (1.17
(1+v)(1—2v) 0 0 0 0,5-v 0 0
0 0 0 0 0,5-v 0
| 0 0 0 0 0 0,5-v|

D goi 1a ma trdn cdu tric var liéu vi né phu thuoc vio tinh chét cla vat lieu (dong
tinh hoac di tinh trén cdc phuong khac nhau).

Tir cdc hé thiic téng qudt trén, ta c6 thé suy ra mot sé truong hop dac biét nhu sau;
1. Trudomg hop mot chiéu

Trong trudng hop nay, ta chi ¢6 dng sudt phdp o va bién dang ¢ tic dung trén phuong
x. H¢ thitc (1.16 bién thanh).

o =Ee (1.18)
2. Truomg hop 2 chiéu
a, Ung sudt phéng

Mot vat phang va méong chiu ti trong tic dung trong mat phéng (hinh 1.6a) c6 mg
sudt phdng phan bé trong mat phing. Nghia la o, 1, 1,, déu triét tiéu.
Can ¢t vao dinh luat Hc, ta cé cdc hé thic:

A
E E
G Oy
Ey = — Vv— + —
E E (1.19)
2(1+v)
ny = E ‘Txy
v
£, = — 5 (Gx +Gy)
He thitc nghich dao clia (1.19) 1a:
r -
O, 1 v 0 £,
E
SR ES 71V 1 0 g, (1.20)
l-v 1 - ’
Txy O O v ny
L 2 |
Dudi dang ma tran:
o= De (1.20a)
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» v TREE
R z
-
“RRIR SOTX
X , |
Tudng chan dat bap chin nudc

Hink 1.6. a) Ung sudt phdng; b) Bién dang phdng.

Cic thanh phan bién dang ciing c6 thé bi€u thi bing cdc thanh phin ing suat:

€y 1 v 0 G,
g, =]-0 1 0 | o, (1.21)
Yoo 0 0 2(1+v)l|=z

b. Bién dang phdng
Truong hop nay xudt hién khi vat thé dai va c6 kich thuée, hinh dang, tai trong khong
déi trén phuong doc. Tudng chan dat, dap chan nude (hinh 1.6b) la nhitg két cau nhu
vay. Néu ta xét mot mat cat ngang bat ky, c6 thé gid thiét rang chuyén vi doc truc w =0
con céc chuyén vi u va v chi 1a nhitng ham cba x, y khong phu thudc vao z. C6 nghia la:
€,= Yy = Yy = 0 (1.22)

D6t vai vér lieu dong tinh trén moi phuong, ta ¢6 hé thic ma tran:

] ]
o, . (1-v) v 0 £,
o, |=- v {l-v) 0 ||e, (1.23)
Ty (1+v)(1-2v) (1-20) ’
Xy 0 0 5 T‘(y
Déng thai, ta ¢é cdc hé thiie:
G, =v(o, + Uy) (1.24a)
Ty, = Tgg = (1.24b)
£, (1) (l1-v) -v  0]|o,
€, = ~v (1-v) 0|0y (1.25)
E
Yxy 0 0 2]ty
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Trong d6, D la ma tran cdu tric vat liéu cap 3 x 3. Nhu trong phan dau da trinh bay, -
dé thiét lap duoc hé phuong trinh can bing cho méi phén tir hitu han, cin phai van dung
mot s6 nguyén Iy co ban sau day.

§1.6. NGUYEN LY THE NANG CUC TIBU
Ta dinh nghia th¢ ning toan phan clia mot vat thé dan héi 12 téng cha ning luong bién
dang toan phan va cong ciia ngoai luc va noi luc.
INT = U (nang luong bién dang) + W (cong ngoai luc va néi luc)
D61 véi vat liéu dan héi tuyén tinh, nang luong bién dang cha vat rén trén hinh (1.2) la:

1 )
U=_|eg'edv 1.26
: f (1.26)

Cong cua noi luc va ngoai luc 1a (hinh 1.2)
W= fu'fdv - [u'Tds- Zu;P (1.27)

Vay thé€ ning toan phdn cta vat thé dan héi (hinh 1.2) la:

TNT = % fo'edV - fu'fdv - JuTd, -Zuip, (1.28)
v v X

Céc ky hiéu o, ¢, u, f, T, P da duoc dinh nghia trong phan truée. O day, ta chi nghién
cifu céc hé bao toan trong d6 cong ciia ngoai luc khong phu thuge vao dudmg di. Néi mot
céch khdc, néu h¢ chuyén doi tir mot diém nio d6 réi quay vé di€m d6 thi cong clia
ngoai luc triét tiéu, di cho dudng di nhu thé ndo.

Nguyen Iy th€ nang cuc ti€éu phat biéu nhu sau:

Doi voi hé bdo toan, trong moi truong chuyén vi cho phép vé mdt dong hoc, chi cé
truong chuyén vi lam cho thé ndng todn phdn c6 gid tri cuc tiéu méi théa mdan duge diéu
kién cdn bdng 6n dinh cria hé.

Chuyén vi cho phép vé mat dong hoc 1a chuyén vi thdéa min tinh chat don tri cha no
va cic diéu kién bién.

D¢ minh hoa nguyén 1y trén, ta hay nghién ciu vi du sau:

k) 1 F,
WA o

" O
O, ‘. Yok y

Hinh 1.7 F3
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Vi du 1.1: Cho mét hé théng 1o xo nhu trén hinh (1.7). Thé nang toan phan cia hé cé
thé viét:

1 2 1 2 1 2 1 2
INT= —k & +—k, 05 +—k 85 +—k, 65 —Fq,—F
211222233244 19 33
Trong dé:

3, 84, 03, 8, 12 dO gidn clia 4 10 xo0; k, ky, ks, k4 14 cac dd cung tuong ung; q,. q;. 43
12 cdc chuyén vi.

Vid =q; -y, 0;,=4q3,03=03-qp, 8, =-q; nén
1 2 1 1 2 1
INT = —k, (q; - 2) +5k2q§+5k3(q3—q2) +5k4q§ —Fyq, — Fyq3

Pé hé can bang 6n dinh, ta cdn cuc tiéu héa thé nang toan phin nghia 1a phai triét tiéu
dao ham clia n6 déi véi cdc chuyén vi g

INT o i=1,2,3 (1.29)
aq;
Sau khi thuc hién cac phép tinh, ta dugc:
JTNT
—=k|(‘-11 _UIz)_Fl =0
aq,
JINT
=—k;(q) - q;) + k9, ~k3(a3-9;) =0
J q;
JINT
=k3(q; - q;)+k4a; - F; =0
0 4;
Cic phuong trinh trén ¢6 thé viét dudi dang ma tran:
Kq = F hay
k, -k, 0 ) F

Ta cling ¢6 thé cat rdi céc 10 xo (hinh T

1.8) dé lap cdc phuong trinh cén bang;

k8, =F, b
k8, — k8, — k8, =0 K8, 2
k305 — k84 = F3 k3
°Ké’t guzi trén hoan tOfil;l git‘fng Eéi }(ét 5, o 2 wnd—eis,
qua khi van dung nguyén ly thé ning L. 3
cuc tiu. Hinh 1.8
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§1.7. NGUYEN LY CONG AQ
Ta da biét rang cong 12 tich chia lyc nhan véi chuyén dai twong ing:
W=P.r
Khi chuyén doi r khong phai do luc P gay ra, ta goi W la cong o va r goi la chuyén
vi 40.
Dudi day, trinh bay nguyén 1y vé cong do.
Déi véi két cau hai chidu, cong do clia ngoai luc ¢6 thé viét:
W, = [[£,8, +£,5,)d,d, + [(18,+T1,8, ), (1.31)
Cong 4o clia noi luc ¢é thé viet:
SU = [[{08, +0,8,, + 87, ) ded,

f. £, , £, - luc thé tich; T, T, - luc bien
8, 8, - chuyén vi 4o trén phuong x v y

d¢,, dey, 87, - bitn dang 4o

Dai véi két cdu 3 chiéu, ta co:

W, = [[[(£8, +£,, +1,5, )dV + J(T8, +1,8, + 1,8, )ds (1.33)

8U = J..”.(G"SSK +0,de, +0,0¢, + TayOay + Ty28Yy, + T 87 )dV (1.34)

Du6i dang ma tran, cdc hé thiic trén ¢é thé viét:

SWe = [[f&', f.dv+ |[ 8',.T.ds (1.35)
Trong dé: 8, =[8,6,8,1: F=[f, f, f,]

T' = [T, T, T,] (1.36)

8U = [[[ &¢cav (1.37)

Can chd y rang chuyén vi 4o va bién dang 4o 13 nhitng dai luong ¢6 gia tri bat k.

Nguyén 1y cong ao phét bidu nhu sau:

Dé mot vat thé bién dang ¢ thé cdn béng, céng do ciia ngoai litc phdi bdng cong do
cita noi hiee.

Nghia 14 h¢ thic sau day phai duoc thdéa man.

SW, = 6U (1.38)

Trong trudng hop tong quat (he 3 chiéu), W, tinh theo (1.35) va dU tinh theo (1.37).

Trong céc chuong sau, nguyén ly cong do s& duge ap dung dé suy ra biéu thic ma
trdn d6 cing cua phan tir hite han.
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Sau day 12 mot thi du nham minh hoa nguyén 1y trén.
Vidu 1.2:

Cho mot két cau gian véi kich thude va tai trong biéu thi trén hinh (1.9).

FANAARY

©) SOKN

! Hinh 1.9
Van dung nguyén ly céng o dé tinh cdc chuyén vi u, v tai nit 1, tng suat va bién
dang trong thanh gian.
Gidi:
V§i cdc thanh phan chuyén vi thuc t& u va v, bién dang trong céc thanh gian 1,2,3 ¢6
thé viét:

ucos45® + vsin43® u+v

£, =
i 2\/5 4

€, =u/2 > (a)

6 = ucos45” — usin45° _u-v
22 4
Véi chuyén vi 4o &, = 1, cdc bién dang 4o trong {(a) tro thanh:
3¢, =1/4
e, =1/2 (b)
e, =1/4

Céng 4o clia néi luc trong mot thanh gian
= H G,.C.dV
=E.A.L.€.98%

K&t hop 2 he phuong trinh (a) va (b), ta c6 téng cong o cia nodi luc do chuyén vi o
5, = 1 gay ra bang:
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Céng ty Hoa Chéat Xay Dwng Phuwong Nam

sU=EA2vT L pagt L par p (0L
4 4 22 4 4

= EAu{£+l+£}+EAu{£—£}
&8 2 8 8

8
_ EAu{2ﬁ+4}

8

Cong ao cha ngoai luc: W _=0x 1
Theo (1.38) :
dW_ =38U
EAg {2\/5 +4

2 }zOdodéu:O (c)

V&i chuyén vi 40 v = 1, tinh todn tuong tw nhu trén, ta cé:
o1
681 = —
4
¢, = 0
. 1
4
Tong cong 4o cha noi luc do chuyén vi a0 8, = 1:

U = EA 2&["1“].&4 EA 242 (“""'J[-lJ

4 4

Thayu=0: dU=EA.v £+£ =M

8 8 4
Cong ao cua ngoai lyc: dW, = 50x 1
VidW, = 8U, ta dugc :

EAv ﬁzSO,dodév: 200 (d)
4 J2 AE
Cudi cling, ta duge: u=0vavs= &—
V2AE
Thay cdc gia tri trén vao (a), ta duge bién dang trong cc thanh gian:
. = 50
' 2AE
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%0
 2AE
Luc doc trong cdc thanh gian:
50
F, = AE ——— =252 kN (kéo)

J2AE
F2 - 0
Fy=-25 2 kN (nén)

§1.8. NGUYEN LY BAO TOAN NANG LUONG

Nguyén ly bdo toan nang fugng phat biéu nhur sau:

Dé mot vat thé bién dang ¢ thé can bing dan héi, cong cita ngoai luc W, phdi bang
cong cua ndi e W,

W, = W, (1.39)

Nguyén 1y nay duge dp dung cho hé thanh (gian, khung) dé suy ra ma tran do cing
tong thé cha toan bo két cau.
Trong hé toa do chung, phuong trinh cin bang clia todn bd ket ciu ¢6 dang:
F=K.Q (1.40)
Trong d6: F - vecto tai trong;
Q - véc to chuyén vi;
K - ma tran do cing tdng thé.
Trong hé toa do riéng. hé thic giita véc to ndi lyc S va véc to chuyén vi q ¢6 dang:
S =Kk.q (1.41)
Trong dé: k, 14 ma trdn do cing néng.
Vi ¢6 hé toa do rieng va hé toa do chung, ta chuyén déi vecto chuyén vi trong hé toa
do riéng thanh vecta chuyén vi trong hé toa d6 chung qua hé thifc:
q=R.Q (1.42)

R goi 12 ma tran xoay

Theo (1.39), ta co: -1—Q'F =iq'S
2 2
Theo (1.40), (1.41) va (1.42):
QKQ=QR'S=QR'k.q =QR'kRQ
Vay: K=R"k..R (1.43)

Cong thitc ma tran d¢ cing tdng thé K & trén s€ duoce dp dung cho hé gian va h¢ khung.

18
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Chuong 2
TINH CHAT CUA CAC PHAN TU HUU HAN

Nhur trong chuong 1 di trinh bay, phén tir hifu han la mét mo hinh quan trong dé tinh
ing suat va bi¢n dang trong két cau. Chuong nay tap trung giéi thidu mot s& phan tir
hitu han cing v6i tinh chat clia ching. Cdc khdi niém vé ham hinh dang, ing suat va
bi€n dang trong phan tir hitu han, ma tran d¢ cing s& dugc dé cap mot cach khéi quat.

a)

ANVANY S

Tam gidgc 3 nut Tam gidc 6 nut T gide 4 mit Tt gide cong 8 nait
b)
p
Hinh chit nhar Tt gice 4 nait Tit gidgc cong 8 miut
c)
| - /I.!

T dién 4 mit Hinh 6 mdt 8 niit Hinlt 6 mdt cong 16 niir

Hinh 2.1. M6t s¢ phan ne hitu han ¢6 tinh chdt tiéu biéu.
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Cdc phan tir hitu han trén hinh (2.1a) 4p dung cho bai todn Gng suat phing va bién
dang phing.

Céc phan ti hiru han trén hinh (2.1b) 4p dung cho ban chiu udn va vo.

Cidc phan tir hitu han trén hinh (2.1c) dp dung cho bii todn (ing suit 3 chiéu.

Phuong phédp phan tir hitu han dua trén gia thi€t phan tich su bién thién cua cac thanh
phén chuyén vi trong phan tit hitu han. Mét mo hinh phan tich nhu vay goi la mé hink
chuyén vi.

§2.1. MO HINH CHUYEN VI

Bude dau tién 1a dung cac ham thich
hop dé biéu thi sy bién thién gin ding % 2(00.1)
ctia céc thanh phan chuyén vi trong phin
tir hiu han. Thong thudng, cdc him dé
c6 dang da thiic ma ta s€ nghién ciu

trong phan sau. 2(0,1.0)

Gia sir phdn tir hiru han ¢6 hinh tam

1{1,0.0
gidc nhu trén hinh (2.2) .

X

Su bién thién cla cic thanh phéin
chuyén vi u (trén phuong truc x) va v Hinh 2.2. Phdan nir hitu han tam gidc
(trén phuong truc y) ¢6 thé bicu thi bing cdc him sau:

(2.0
V= Oyt OoX + QY
Trong dé: a,,y,....,0¢ 12 cdc hé s6 chua bi€t ma ta goi 1a 1pa do khdi qudt. Bicu thi
{2.1) du61 dang ma tran, ta co:
o
3
u:[u]:[l x'y 0.0 0] lay 223)
\Y 0 0 0 I x vy 0ty
Us
L%6 ]
hoac: U=¢.a (2.2b)

No6i chung, néu da thiic ¢6 bac n, cdc thanh phin chuyén vi trong mét phan tir hiru
han 2 chiéu cé thé viét:
U= 0+ U + Oy + 0yX? +asxy + oy’ + .o y" 2.3)

2 2 n
V=g 0 X T 0 gy H O g X7+ Ol XY H 0 gV + o+ 0y

20 http://vietnam12h.com
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Viét céc phuong trinh duéi dang ma tran:

u =[:J=[E ':5‘ }a (2.4)
u=¢'a

o =[l x y x* xy y* .. y"] (2.4a)
o =[0.] Ay  Olyeer oczm] (2.4b)

Trong trudng hop phén tir hitu han 3 chiéu, cdc ham chuyén vi c6 dang:
U= + 00X + LY + 0,2 + 0XZ +.. 4o, 2
V= + O oX + O,y +. .40, 28 (2.5)
W= O+ OgnnX + g,y +. 0, 2"
Duéi dang ma tran:
u ¢; 0 0O
u=|v (=0 ¢ 0 |a
w 0 0 &

hay u=P.a (2.6)
Trong dé: &y =[l X ¥ Z XZ ... z“]
o =la; oy o] (2.6a)

§2.2. HE THUC GIUA BAC TUDO CUA CAC NUT VA CAC TOA DO KHAI QUAT

Céc h¢ s6 chua bi€t a trong céc da thitc ¢6 thé biéu thi bing céc thanh phan chuyén vi
tai cdc ndt cha phan tir hitu han, ta goi cdc thanh phén chuyén vi nay la cdc bdc 1 do tai
céc nit. Lay vi du phan tit hitu han c6 hinh tam gidc trén hinh (2.2). Thay toa do clia cac
nut vao phuong trinh (2.2), ta cé:

u | 1 x y, 00 07[e]
L) I % y, 00 0 }a,
u 1 x 00 0 |(|la
q=1 2= 3 Y3 3 2.7
\Z 00 0 1 x y||og
Vs 00 0 1 x5 vy,/]0
(v3] 100 0 1 x, Ya || o |
hoic: q=A.a (2.8)
Trong d6:  x,, y,: toa do ciia it 1 trén phuong x va y;
Xy, ¥;: toa do cla niit 2 trén phuong x va .
21
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X1 ¥ toa d6 cta nit 3 trén phuong x va y.

u,, v,: cac thanh phan chuyén vi clia nit 1 trén phuong x va y.
U,, V,: cac thanh phan chuyén vi cha it 2 trén phuong x va y.
u,, v cdc thanh phan chuyén vi cba nit 3 trén phuong x va y.

Phuong trinh trén biéu thi méi quan hé giita cac bac ty do tai cic nit va cic toa do
khdi quat. Ta tinh cdc phan t&f clia ma tran A bang cdch thay toa d6 cia cdc miit cha phan
tir hitu han vao ham chuyén vi. N6i chung, A 14 mot ma tran vuong, téng sé cdc toa do
khdi quat bing tng s6 toa do clia cdc nut.

Giai phuong trinh (2.8) déi véi a, ta dugc :

a=A"lq 2.9
Thay a vao (2.2b): u=6.A"q (2.10)
u=N.q

Trong d6: N = ¢.A"; q 1a vecto cdc thanh phén chuyén vi tai céc nit cha phén tir
hitu han.

N goi 1a ham hinh dang. Phuong trinh (2.11) biéu thi m&i quan hé gifta cdc thanh
phan chuyén vi u tai mot diém bat ky trong phin ti hitu han va cdc thanh phan chuyén vi
tai c4c nit cha né.

§2.3. HE TOA PO TUNHIEN

Hé toa do tu nhién rat thuan tién cho viéc biéu thi cac tinh chat cha phén tir hiru han.
N6 12 mot hé cuc bod trong d6 mot diém trong phan tir hitu han duge bi€u thi bang cdc s§
khong c6 thit nguyén va cé gia tri khong bao gid 16n hon don vi hodc bang khong. Cich
bi€u thi toa d6 nhu vay Iam cho viéc tinh tich phan dugc dé dang.

2.3.1. Hé toa dé tu nhién mot chiéu

Hinh (2.3) biéu thi hé toa dé ty nhién mot chiéu.

2
1,0 . (0.1)
( ) P(lh 12)

&
Y

Hinh 2.3. Hé toa do ty nhién mot chiéu

Toa do tu nhién ciia mot diém P bat k¥ (hinh 2.3) duge dinh nghia nhu sau:
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L (2.12)
X
12=‘E

Toa d¢ cha diém P bay giv 1a /,, [,. Hé thitc giita toa d6 vuéng géc va toa do tu nhién

nhu sau:
1] 1oty (2.13)
x| 0 L]|1, '

He thitc ngugc lai giita toa d§ tu nhién va toa do vudng géc:

1,1 1[L -1]]1

=— (2.14)
L] Lo 1]x
Theo nguyén tac tinh dao ham, c6 thé viét:

d_oa_ 02
dx 8, ox al, ox

Tir (2.12): a,__1, A _1
ax L & L
2 0
Vay L (1.15)
dx Lla, a,
Tich phan trén chiéu dai L:
1!
[raa= PR g @.16)
; (p+q+1) !

Trong d6 0! duge dinh nghia bang don vi.

2.3.2. Phan t hiru han tam gidc hai chiéu

Xét mét phan tr hitu han tam gidc trén hinh (2.4). Mot diém P trong hinh tam gidc
duge biéu thi bang cic toa do tu nhién nhir sau:

zﬁ lzzﬁ 13=é1

l|
A A A

(2.17)

Trong d6: A,, A,, A, la dién tich cla 3 tam gidc con tao thanh b&i diém P va cdc canh
d6i dién cla tam gidc (hinh 2.4); A 1a dién tich cda tam gidc 16n.
Do quan hé hinh hoc
A+ A, +A; = A
(2.18)
L+L +1; =1
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;4 y 4
4 =X X a4 = K3 X
3y s
P, L, 1)
b, = b, = ¥, -¥s
Ya= ¥ .
2 (X5¥2) 2
(0,1,0) v by =y, -y,
1 -
4, = X, -X,
X X

Hinh 2.4: Toa dé cuc bo ctia phdn tr hitu han tam gidc

Toa dd tu nhién cha cac nuit 1, 2, 3 la:

Nut i:(1,0,0) y#4

Nuat2: (0,1,0)

Nat 3: (0,0, 1)

Toa d6 tu nhién cla cic diém gifa

cua cac canh tam gidc (hinh 2.5) la:

Niit 4: (1/2, 1/2, 0) 2

Niit 5: (0, 1/2, 1/2) 1

Nuat 6: (1/2, 0, 1/2)

Dién tich clia tam giadc biéu thi biang
ham cha cac toa dd x, y tai cac ntit 1, 2, 3:

Y

Hinh 2.5

1 X v
1 Xy Yo (2.19)
1 X3 y3

Dién tich ciia c4c tam gidc con (hinh 2.4) la:

A=a
2

| 1 x vy
A, =51 X3 ¥,
I X3 vy,

box oy
1 x vy (2.20)
1

X3 ¥3

13
A2=5

24 http://vietnam12h.com



Céng ty Héa Chéat Xay Dwng Phuwong Nam

1 I
A,y —51 X7 Yz
1 x vy

Trong dé: x,y 1a toa do ciia mot diém P bat ky nam trong phén tir hitu han hoac nim

trén bién cia né.

Theo tai liéu [3], hé thiic giita toa do vudng géc va toa d6 t nhién nhu sau:

(1] Tt ¢ 17,
X|= XI X2 X3 12
yi Iy ¥ v3llh

He thitc nguoc lai gida toa do tu nhién va toa dé vuong gac:

_ll (X2Y3 X3Y2) (Y2 - }’3) (X3 - Xz) 1
1
L (= 24 (X3Y1 XD’%) (Ya‘YI) (xl ‘X3) X

1 (1}’2"‘2)’1) (Y}‘h) (X2'_xl) Y

(2.21)

(2.22)

Dé xdc dinh céc tinh chat cha phan tr hitu han, cdn phéi tinh dao ham d6i véi cdc toa

do6 vudng géc:
o o a - 6f 612+6f d; b of b,

ax dl, ox  al, ox a, ox 2A 8, 24 al,

Trong dé: b, =y, -y,

b,=y:-y,5

b=y, -y, (xem hinh 2.4)
Tuong tu nhu trén , ta ¢6:

a; of
_= < T\ al,
Trong d6: a, =x, - x,;
a4 =X, - X5
a;=X;-X,.  (xem hinh 2.4)

Theo tai liéu [5], tich phan dién tich tinh theo cong thic:

Tale!
Pl dA=—P9r 54
-[1 213dA (p+q+r+2) !

Trong dé: 0! duoc dinh nghia bang don vi.
§ 2.3.3. Phan tir hiru han ti dién 3 chiéu
Xeét khoi tt dién 3 chiéu biéy thi trén hinh (2.6)

http://vietnam12h.com
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4 {X4 ,Y4 !2\4)
(0,0,0,1)

3 (Xuyaly)

(X1 ¥0.27) (0,0,1,0)

(1,0.0.0)

2 (XYl
(0,1,0,0)

Hinh 2.6. Khoi ut dién 3 chiéu
Mot diém P bat ky trong khéi tir dién (hinh 2.6) dugc xédc dinh bing céc toa do tu
nhién nhu sau:

b=—1 (2.25)

Trong d6: V, 1 thé tich ctia khéi t dién con tao béi diém P va mét doi dién véi diém
ii=1,2,3,4),V lathé tich ciia khéi i dién 16n (hinh 2.6). Chang han V, 1a khéi t
dién tao bdi diém P va mat 234 (d6i dién véi nit 1). 1, 1ty s6 giita thé tich V, va thé tich
V. Thé tich V dugc xdc dinh bang dinh thic” clia céc toa d6 tai cic ndt nhu sau:
1 1 1 1
1iX; X5 X3 Xy
61y Y2 Y3 Ya
Z) Iy I3 24

(2.26)

Theo tai licu [5], hé thifc giia toa do vudng géc va toa do tu nhién clia di€m P 6 dang:
1] [ 1 1 1]y

X|_|% Xz X3 Xy 1, 2.27)
y Yi Y2 Ya Yallls
z| 12z Zyp Z3 Z4 |l

Can chu ¥ rang:
L+L+L+1,=1

Heé thiic ngugc lai gilia toa do ty nhién va toa do vudng goc:

* Trong cudn sdch nay, nhat quin sit dyng ky hiéu | | d€ biéu thi dinh thic cha ma tran.
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1 vi a b ¢
L | L vy a, b, ¢
13 6V V3 a3 b3 C3

1, vy a4 by ¢y

(2.28)

Nt e

Trong dé:
V, la thé tich cuia khéi it dién con tao béi diém P va mat doi dién v6i diém niit i; a,, b,
¢; lan luot la dién tich hinh chiéu clia mat d6i dién v6i ndt i lén cac mit phang toa do x y
z ; a, b, ¢, cd dang nhu sau:
a, = (zjyk —~ zkyj)+ (Zey - zy )+ (zlyj - zj-yl)

b; = (zjxk — ZX; ) +(zix — 7%, ) + (lej ~zX, ) (2.29)

< =(ijk ‘kaj)Jf(kaI _lek)+(YIXJ - ijl)
Céc chis6 1, j, k, 1 theo thit tu vong tron (1> 2 —» 3 > 4 —» 1)
Cic dao ham riéng clia toa do tu nhién d6i véi toa do vudng géc:

o _ g o; b a;, ¢,

S i T i (2.30)
ox 6V 3y 6V oz 6V
Tich phan thé tich clia phdn tir hitu han c6 dang;
1q'r!s!
fingirav = — LTS gy 2.31)
; (P+q+r+s+3) !

§2.4. HAM DPINH DANG (HAM NOI SUY)

Trong phuong phép phén tir hitu han, ta ding mé hinh chuyén vi va néu lén gia thiét
vé sy bi€n thién cla cdc thanh phdn chuyén vi vi ta chua biét st bi€n thién thuc & cha
chiing. V& mit todn hoc, ngudi ta néu len nhitng ham ma dang giai tich clia né hoan toan
chua bi€t hoac gap phai nhiéu khé khin trong céc phép tinh. Vi vay, ngudi ta tim cich
thay cdc ham d6 béng ham don gian hon goi 1a hdm hink dang hoac ham ndi suy. C6 2
- loai ham noi suy:

1. Ham noi suy Lagrange.

2. Ham noi suy Hecmit

Trong muyc nay ta chi nghién citu ham néi suy Lagrange con duoc goi 12 ham hinh dang.

Ham hinh dang Lagrange c6 thé suy ra tir cdc phuong trinh (2.10) va (2.11). Viéc str
dung h¢ toa do tu nhién nhwr di trinh bay trong phén trudc, té ra cé nhiéu vu diém trong
qua trinh tinh toan..
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2.4.1. Ham hinh dang déi v6i phan tir hitu han tam giac bac nhat

Su bién thién tuyén tinh clia cdc thanh phan chuyén vi trong phan tir hitu han tam giac
(hinh 2.7) c6 thé biéu thi bing cdc toa do ty nhién nhu sau:

3 (X5 ¥a)
V &

1
(X1, ¥1) 2 (% y2)

Y

Hinh 2.7: Phdn 1 hitu han tam gide 3 niit

Mot trong céc thanh phin chuyén vi trén phuong x tai cdc nat 1, 2, 3 cia phin tr hiu
han c6 thé viét:
u= C(.]ll + 0.212 + (1313 (232)

Néu két hop ca 3 thanh phdn chuyén vi, ta ¢6 dang ma tran:
Dudi dang ma tran: u=d:.0 (2.33)
Trong d6: =1, 1, L]

o =[a, o o]

Thay toa d6 tu nhién clia cdc nit 1, 2, 3 vao hé thic trén ta c6 vécto cac thanh phin
chuyén vi d, nhu sau:

u, 1 00
d,=1u, ={0 1 Ofa (3.34)
uj 0 0 1
1 0 0|y
do dé: a=|0 1 0}. u, (3.35)
0 0 1{ju;

T phuong trinh (2.33) ta ¢é:

1 ¢ 0
u=¢=|0 1 0ld,
0 01
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Ma tran trén cé thé viét:
u=N,d, (2.362)
Trong dé:

No=(l 1, 1)

e R e R
[

0
O|=[ 1 L] (2.37)
1

Mot cdch tuong ty, cdc thanh phan chuyén vi trén phuong vy tai cac mit 1, 2, 3 ¢6 dang
ma lran:
Y= N, dy (2.36b)
Su bi€n thién cla cdc thanh phin chuyén vi u vi v trén phuong x vi y biéu thi trén
hinh (2.8).

Cudi cling, ma tran céc thanh phan chuyén vi tai [ diém bat ky trong phan tr hitu han

c6 dang:
N, 0
u= - g (2.38)
tire 1a:
u=N.q (2.39)
Trong dé:
% (2.40)
q= d, .
, L I3 0 0 0
N=|1 2 73 (2.41)
0 0 0 1, L, L4

Trong d6: u 1a vecto cdc thanh phin chuyén vi tai mot diém bat ky trong phan tir hitu
han theo cdc phuong x va y; q 1a vecto cdc thanh phan chuyén vi tai cdc nir 1, 2, 3 trén
cac phuong x va y; N 1a ma tran ham hinh dang.

Dai véi phan tir hitu han tam gidc 3 nat:

N, =1, N, =1, N, =1

Do d6, cdc thanh phan chuyén vi u vi v tai mot diém bat ky trong phdn tir hitu han
theo cac phuong x va y, cé thé viét:

u =Ny +Nyu, +Nju, (2.42)
v=Nv, +Nyv, + N;v,

Can luu ¥ rang ham hinh dang N, (i = 1, 2, 3) ¢6 gi4 tri bang don vi tai nit i va ¢6 gid

tri bang khong tai nhiing niit con lai.
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A [

U, U

N—l

I
| k
2

Hinh 2.8: Ham hinh dang doi voi phdn ti hitu han tam gide 3 niit

2.4.2. Ham hinh dang ddi v6i phan tit hiru han tam giac bac hai.

Su bién thién bic hai cla cdc thanh phin chuyén vi trong mdt phan tit hifu han tam
gidc 6 nit (hinh 2.9) c6 thé biéu thi bing he thic:
i2

u=ayll +a,ld + old + oyl + ol +aglyl (2.43)
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Hinh 2.9: Phan ut hitu han tam gidc 6 nit

Thay toa do ty nhién cla céc niit 1, 2, 3, 4, 5, 6 vio hé thiic (2.43) ta cé:

- - - —

u, 10 0 o 0o 07
U, 0 1 0 0 0 0 |a
U 6o 0 1 0 0 o0
d,=| = ]9 (2.44)
ug| |1/4 /4 0 1/4 0 0 |]a,
s 0 1/4 1/4 0 1/4 0 ||ay
[Us] L1740 174 0 0 1/4] o]
tic 1a:
d,=Aa (2.45)
a=A'4d, (2.46)
Nghich ddo cia ma tran A c6 dang:
[1 0 0 0 0 0]
0 1 0 00 0
o 0o 1 00 0
ATTIL o1 0 40 0 (247)
0 -1 -1 0 4 0
-1 0 -1 0 0 4]
C6 thé viét:
31
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1 0 0 O
0 1 0 0
, _ : 0 0 1 0
y=d2 AT =[] 135 1L, Ll Ll Jx S o4
0 -1 -1 0
-1 0 -1 0

(-1t -1a1) (510 -1 (B-Ll-LL) 4L, 4l 4L, ]

Sau khi don gian hod (canci vaol, + 1, + 1, =1):

Ny=[1(2-1) L(2L-1) L(2,-1) 41, 4Ll 4L, ]
Duéi dang ngén gon:

N,=[N, N, N;y N, N5 Ng]

Trong d6, cac ham hinh dang N(1, 2, 3...6) dugc biéu thi trong (2.48b). Hinh (2.10a, b)

cho ta thdy su bién thién phi tuyén tinh clia cic ham hinh dang N,, N, N,

N, =1,2l,- 1)

4 ;
Hirh 2.10
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N, =L(2L- 1)

1 )

Hinh 2.10b: Sy bién thién phi tuyén tinh ciia cdc ham hinh dang
trong phdn ti hitu han tam gidc 6 niit.
Vay la cic thanh phan chuyén vi u va v tai mot diém bat ky trong phin tir hitu han
dugc biéu thi bing hé thitc ma tran:

u:["] {Nz 0, ].q (2.49a)
vi[0 N, |

hay u=N.q (2.49)
Trong d6: N tinh theo (2.48b)
q'=[u U u; ouy ous oug v v, vsov, v ve] (2.50)
(xem hinh 2.9)
2.4.3. Ham hinh dang déi v6i phén tir hiru han hinh chir nhat bac nhat.

Toa d¢ tu nhién d6i vé6i phan tir hitu han hinh chit nhat (hinh 2.11) duoc xdc dinh
nhu sau:

CR A /° 2.51)

Trong dé: x. va y, la toa do clia tam phan tir hitu han hinh chit nhat.
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(- 1 1y 1\ 5 AL
3D
3 U
v

ﬁ I -
l u I——»
T 2] b —
y——————— 23 —————— ’

>

=

Hinh 2.11: Phdn tit hitu han hinh chit nhdt 4 nat
Mot trong céc thanh phdn chuyén vi trén phuong x tai cdc nit 1, 2, 3, 4 ¢6 thé bi€u thi
bang ham da thifc:
U =0 +0,r + O3S + 0TS (2.52)
Thay toa do6 tu nhién tai cdc nit vao (2.52), ta duge vectd cdc thanh phén chuyén vi
trén phuong x tai cdc nit (hinh 2.11) nhu sau:

u] 1 -1 -1 1][e

d,=| *|= , (2.53)
Uy 11 1 1)|as
Uy 1 -1 1 —-1]ja,

Do dé: a=A"ld,

Ma tran nghich dao:
1/4 1/4 1/4 1/4
=1/4  1/4 1/4 -1/4
Al= / / / / (2.54)
-1/4 -1/4 1/4 1/4

1/4 -1/4 1/4 -1/4
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1/4 1/4 1/4 1/4
-1/4 1/4 1/4 -1/4

e Al _ 55
Np=¢2.A%=[c r s 1 3 -1/4 -1/4 1/4 1/4 e
1/4 -1/4 1/4 -1/4
va
' 1_ - B -
Nz=( r)(1-s) (1+r)(1-s) (I+r)(1+s) (1-r)(1+s) (2.56a)

4 4 4 4
Hé thic trén c6 thé viét:
Nz = [N] N2 N3 N4]

Trong d6 cac ham hinh dang N, N,, N;, N, tinh theo (2.56a). Su bién thién cta cic
ham hinh dang N, N,, N,, N, biéu thi trén hinh (2.12).

4 3

N,

Hinh 2.12: Ham hinh dang déi véi phdn ut hitu han hinh chit nhat 4 nit

Ma tran ham hinh dang d6i véi phan tir hiru han hinh chit nhat 4 niit c6 dang:

N:[Nz v ] 2.57)
0 N,

Trong d6: N tinh theo (2.56) va (2.56a)

Cudi cung ta c6 hé thic:
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u=Ngq _ (2.58)
Trong d6:

q=[u, u, uy; u v, vy vyovg] (2.59)
(xem hinh 2.11)
2.4.4. Ham hinh dang @i v6i phan tir hiru han hinh chit nhat bac hai.

Su bién thién cha mot trong cdc thanh phin chuyén vi u (trén phuong x) cé thé biéu
thi bang da thiic trong hé toa d¢ tu nhién nhu saw:

U =0t + Uyl + a8+ a4r2 + TS + a652 + 0‘.71'25 + ocgrs2 (2.60)

4(-1,1}
8
(_190)
@ &
1-1,-1) 5(0.-1) 2(1.-1)

Hinh 2.13: Phan tw hitu han hinh chit nhat 8 nit

Céc thanh phan chuyén vi tai cac nit trén phuong x (hinh 2.13) trong hé toa do
nhién nhu sau:

TR R R G TS U A e R
7S I D TR TS R (R B R R N R S
us | |11 1T 1 111 || e

a-|" B R T N B S B B A 260
us 1 0 -1 0 0 1 0 0O}fas
ug | |1 01 00 0 0ffog
w,[ |1 O 10 01 0 0fla,
lug| 1 -1 0 1 00 0 Of|og

Do do:
a=Ald, (2.62)

Nghich dao ctia ma tran A:
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(-1 -1 -1 -1 2 2 2 2]

0O 0 0 0 0 2 0 -2

0 0 0 0 2 0 2 0

1 1 1 1 -2 0 -2 0
Al = (2.63)

1 -1 1 -1 0 0 0 ¢

1 1 1 1 0 -2 0 =2

-1 -1 1 1 2 0 =2 0

-1 1 1 -1 0 -2 0 2]
Vay: N, =¢3.A" (2.64)
¢2 =[1 r s r°ors s rls rsz] (2.65)

Thay (2.65) vio (2.64) va don gian hod, 1a co:
B(l_r)(l_s)(-r-s—l) Lt n(1-s)(e-s-1)

1 : ) (-1 +5 -
le: Z(l r)(l s)(r s l) Z(l r)(l+s)( l) .

%(l+r)(l—r)(l—s) i(l+r](1+s)(]—s)
Huen(1-r)(1es %(l—r)(lwhs)(l—s):l
Ma tran N*, ¢6 thé viét:
N;=[N, N, N, N, N, N, N, Ng] (2.64)

Céac ham hinh dang N, N,,...,N, tinh theo (2.64b)

Cuéi cling, ma tran ham hinh dang c6 thé viét:

N, o
N =2 7 (2.66)
Ma tran cdc thanh phan chuyén vi tai mot diém trong phan ti hiru han.
u=N.gq (2.67)
Trong dé: q= [ul Uy Uz Uy V) Vy Vg v4] (2.68)

§2.5. UNG SUAT VA BIEN DANG TRONG PHAN TUHOU HAN

He tinie (1.11) trong chuong mot s& gidp ta tinh bién dang tai mot diém trong phén tir
hifu han théng qua cdc thanh phan chuyén vi tai céc niit.
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N6i chung, hé thitc bién dang - chuyén vi cha phan tl hitu han c6 dang:
€=B.q
Trong dé:

£ 13 vécto bién dang tai mot diém bat ky trong phén tlr hitu han; g la vecto cdc thanh

phan chuyén vi tai cac niit cha phan tit hitu han.

B goi 12 ma tran bi€n dang - chuyén vi. Theo (1.16) (chuong mot) va (2.69), ta c6 hé

thitc giita \ng sudt phdp va chuyén vi ctia phén tir hitu han nhu sau:
o =D.e=D.B.q

Trong d6: @ 1a vecto cdc thanh phan ting suat tai mot diém trong phan tir hitu han;

D 12 ma tran céu triic vat liéu (xem cong thic 1.17);

q da duge dinh nghia & phan trén.

Vi du: Suy ra ma tran B d6i v6i phan t& hifu han tam gidc 3 nit bi€u thi trén hinh

(2.7). Ta lam nhu sau:
Theo (2.39) va (2.41) ta co:

L, I, I, 0 0 O
u= .q
00 01 1, L

Mat khac, tir (1.11) d6i v6i bai todn 2 chiéu, ta cé:

A R SR O
T YTy T T
Theo (2.23a) va (2.23b) ta ¢6:

1
= u u U, =——(bu, +b,u, +b.u
ax 2A ' 2A 2 2A ° 2A(” 24z +b3u; )

Mot cach tuong tu, ta cd:

ov 1
ou dv 1
Vay:

£, : b, b, by 0 0 O

£= 18 :EO ¢ O a a, aj|q
Yy aj a, a; b by, by

£e=B.q

38
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o e b 0 00
B=—'O 0 0 al az 33

2A
a, a, a3 b by, by

§2.6. MA TRAN DO CUNG VA VECTO TAI TRONG CUA PHAN TUHUU HAN

Trong cac phén trudc, ta da suy ra cc biéu thifc v& ma tran ham hinh dang N va ma
tran bién dang - chuyén vi B.

Ti€p theo, cin phdi suy ra ma tran d6 cing v vecto tdi trong ciia phdn tir hitu han dé
lap phuong trinh can bang. Nguyén ly cong 4o trinh bay trong chuong mét s& gidp ta
lam viéc nay.

Trong bai todn tong quat 3 chiéu, theo (1.37) cong 3o cia noi luc cé dang:

du= {[fs,.adv @2.71)
Theo (1.35) cong 4o clia ngoai luc c6 dang:

su= [f] &, fdv+ [ [, Tds (2.72)
Theo (2.39), (2.69) va (2.70), ta cé:

u=Ng (2.73)

¢£=B.gq (2.74)

6 =D.B.q (2.75)
Tir (2.73) ta suy ra:

&, = N.§g (a)
Tu (2.74) ta suy ra:

8; = B.3, (b)
Thay (b} va (2.75) vao (2.71), ta c6:

8U = [[[B&.D.B.q.dV =&', [[[B".D.B.q.aV (2.76)

Thay (a) vao (2.72), ta cé:
dw, = Hjﬁ'q.N'.f.dV + ”ﬁ;.N'.T.ds

=&, [[[N'£.dv +8, [[N".T.ds &1
Theo (1.38), ta cé:
dw, =8U = m (B'.D.Bdv)q + mN'.de + HN'“ T.ds
Phuong trinh trén ¢6 thé viét:
k.q=t (2.78)
39
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Trongdé: k= [[[ B.DBdAV
t= [{[N£4V+ [[N".Tds

(2.78) 1a hé phuong trinh can bang ctia phan tir hitu han.
K goi la ma trdn d6 ciing cia phan tir hitu han.
t goli la vecto tdi trong clua phan tu hitu han.
N la ma tran ham hinh dang dng véi mat ¢6 luc bién T téac dung.
f vécto luc thé tich (do trong luong)
r=[f, f f]
T vecto cdce luc bién:

T=[T, T, T,]

Cdc cong thire (2.79) va (2.80) ap dung cho bai todn 3 chiéu
Trong bai toan 2 chiéu, gia sir bé day h cla két cau khong déi, ta cé:
dV=dA.h, ds =h.dl
dA - phan 6 dién tich;
dl - phan 16 doan thing men theo d6 ¢6 luc bién T tac dung
Gia sir B chita cdc hang s6. Thay cdc hé thifc trén vao (2.78), ta cé:
k=h [B.D.BdA = hB'.D.B [dA, do do:
A

k = AhB'.D.B
Trong d6: A - dién tich tam hai chiéu.
Mt cdch tuong ty, ta co:
t=h[[N"f.dA +h [N*Tdl
hay t=h [[N".f.dxdy+h [N*TdI
Trong bai toan mot chiéu:
dV = Adx, ds =dx, D=E
Trong dé: A - dién tich tiét dién cda mit cat ngang;
dx- phan t& doan thang trén truc x;
E - modun dan héi.
Vay ma tran do cing:
k. = [B'.E.B.Adx = B.E.B.A [dx
e
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Néu B la hang sé:
k. = AL_EB'.B (2.83a)
Néu B khong phai 1a hing 6
k. = AL.E [B'.Bdx (2.83b)
Trong dé: L, - chiéu dai ctia phén tir hitu han;
E - médun dan héi (trong két cdu mot chiéu, D = E).
Theo (2.80) vecto tai trong:
t=[N'fAdx+ [N*.Tdx =

2.8
t=A.fIN'dx+TIN'sdx (2.84)
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Chuong 3
BAI TOAN MOT CHIEU

§3.1. DAC DIEM CUA BAI TOAN MOT CHIEU

Trong bai todn mot chiéu, ing suat, bién dang, chuyén vi va tai trong chi phy thuée
vao mot bién 1a x. Nhu vay, chuyén vi u, (mg suat o, bién dang &, véc to luc thé tich f,
véc to luc bién T 13 nhitng ham cua x.

u=u(x) o=0(X) g=€(x) 3.1)
f=1(x) T=T(x)

Céc hé thifc ting suét - bién dang va iing sudt - chuyén vi

du

c=FE.g, €=
dx

(3.2)

Thé tich chia phin tir hifu han:
dV= Adx (3.3)

Trong d6: A 13 dién tich tiét dién clia phdn t& hitu han mot chiéu (thuc ra 1a mot doan
thanh thang).

e T e 7

! '

'
N ;/T
'

Hinh 3.1. Thanh mot chiéu chiu tdc dung cia cac luc
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Tai trong gém c6: lyc thé tich f khéng biéu thi trén hinh v&, luc bién T, tai trong diém
P. Luc thé tich (ching han nhu trong luong) téc dung lén thé tich cia vat thé va duoc
tinh trén don vi thé tich. Luc bién T tac dung trén mat bién ctia vat thé va duoc tinh trén
don vi dién tich. Cdc lyc nay biéu thi trén hinh (3.1). Luc ma sat, luc nhon, huc ti€p xic
1a nhimg vi du vé lyc bién. Cu6i ciing, P, 1a lyc tic dung tai diém i. '

Du6i day, s€ nghién ciru mé hinh phén tir hite han dp dung cho két cau mét chiéu.

§3.2. MO HINH PHAN TUHOU HAN AP DUNG CHO KET CAU MOT CHIEY

Ta hay xét thanh trén hinh (3.2a). Trudc hét, ta chia né ra thanh mot s6 mién goi la
phan r hitu han, ching han chia thanh 3 mién, méi mién c6 dién tich mat cit ngang
khong thay déi (hinh 3.2b).

!
|

O e e et A el bl R S A1

1
@ F,
2-
@ F,
]
® ¥

Hinrh 3.2. M6 hinh phén tit hitu han déi véi thanh thing

Mo hinh phan tlr hitu han cting 4 diém nit bidu thi trén hinh (3.2b). S6 thi tr cdc
phan tir hitu han dugc khoanh tron dé phan biét véi s§ thi trr cac diém nuit. Mat cit
ngang, luc thé tich va lyc bién duge xem nhu khong doi trong méi phan tir hifu han.
Ching chi thay déi tir phan ti hitu han nay dén phan ti hiu han khdc. Cén chd ¢ rang,
két qua tinh todn cang chinh xdc khi s6 phén tit hitu han cang nhiéu. D€ tién cho viéc
tinh todn, ta dat nit tai di€m c6 tdi trong tap trung tic dung.

Trong bai todn mot chiéu, méi diém mit chi dugc phép chuyén vi trén phuong x,
nghia la méi di€m niit chi c6 mot bac tir do. Trén hinh (3.2b), mé hinh phan i hite han
¢ 4 nut nghia 1a toan hé ¢6 4 bac tu do. Chuyén vi tai cac mit duge bidu thi bang cdc dai
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luong Q,. Q,, Qx Q.. Véc tocot Q = [Q, Q, Q; Q.) goi 1a véc to chuyén vi tong thé. Véc
to tai trong tong thé:

F’ = [F/F, F, F, ] g6m céc tai trong tac dung tai cac niit (xem hinh 3.2)

Dau cia chuyén vi va tai trong quy uéc 1a duong khi cing chiéu véi chiéu duong cia
truc X, la am trong trudng hop nguoc lai.

Piéu kién bién: Q, = 0 tai diém ngam

Méi phén tir hitu han ¢6 hai mit. So do lién két giita cdc phdn tir biéu thi trén hinh (3.3),

K 3 4
@ @ ©)
S& thit tu cac phan tir va s6 thi tu niit 1dng thé

¥’ -

> x

J 2 S8 thitymit cuc bo

S6 thit tu niit cuc b va s6 thit t nit dng thé (xem bang dudi)

Phén ti S thit tu it cuc bo S thit ty nit tdng thé
1 1 2 1 2
2 1 2 2 3
3 1 2 3 4

Hinh 3.3. So do lién két gifia cdc phdn it hitu han
Bang thong ké cic phin tif va cdc nit tuong ng biéu thi trén hinh (3.3). O day, cic
s0 thif tu 1 va 2 tai cac nit cia moi phén tir 14 nhimg chi s6 ¢6 tinh chat cuc bo.
§3.3. TOA bO TUNHIEN VA HAM HINH DANG

Gia sir mot phén tir hifu han € bi€u thi nhur trén hinh (3.4a).

[ —
jxn]

KY’HJ' ;i.{ —

() (b)

Hinh 3.4. Phdn tir hitu han trong toa dg x va toa dé i nhién
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S6 tha ty cia nidt ddu tién 13 1, cha nut tht 2 12 2. Ndt 1 ¢6 toa do x,, niit 2 c6 toa do
X,- HE toa do ty nhién dugc dinh nghia nhu sau:

2
é:
XX

(x-x,)-1 (3.4)
Tir h¢ thitc trén, ta cé & = - | tai mit 1 va £ = 1 tai nit 2 (hinh 3.4b). Ta s& diing hé toa
d6 ty nhién nay dé suy ra ham hinh dang.

Trudmg chuyén vi chua biét trong pham vi phan tir hitu han s& dugc néi suy qua sy
phan bd tuyén tinh (hinh 3.5).

Ham tuyén tinh

H;7 thue t&
!

a, q

Hinh 3.5. Ham néi suy nuyén tinh ciia chuyén vi trong phan ti hitu han
Day 1a mot gia thiét gdn ding nhung két qua tinh todn cang chinh xac khi s& phan tir
hitu han cang 16n.

Ta dua vao cdc ham bién dang nhu sau:

N, (&)= -5 (3.5)
2
Nie) - 25 (3.6)

Cdc ham hinh dang nay biéu thi trén cic hinh (3.6a) va (3.6b). Khi cac ham hinh
dang dugc xdc dinh, trudng chuyén vi tuyén tinh trong pham vi phén tir hitu han ¢é thé
biéu thi bing cac thanh phan chuyén vi q, va q, tai c4c niit.

u=Ngq, + Ny, (3.7a)
Duéi dang ma tran u=N.q (3.7b)
Trong dé: N =[N, N,] q'=[q, q,] (3.8)

Trong céc phuong (rinh trén, q 1 véc to cic thanh phin chuyén vi tai céc niit cha
phan tr hitu han. Tir phuong triinh (3.72), u = q, tai ndt 1 v u= g, tai nit 2 va chuyén vi
u trong phan tir hitu han bién déi tuyén tinh.
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a) N
S
— 2
{
]
b
N
{
1 =0 2
=1 E=+1
b) &
N, u
Nz:ﬁ “
2 / T u =N q+Nag,
\ E
: L q:
: & q;
| g.—.() ) a 1. ) %&

Hinh 3.6:
aj Ham hinh dang N,: b) Ham hinh dang N, ; ¢) Ham ndi suy tuyén tinh.

Cin chd ¥ rang tir phuong trinh (3,4), ¢6 thé thyc hién phép bién doi tr toa do

nhién £ sang toa do x;
x = Nix; + Nyx, 3.9

So sanh (3.7a) v6i (3.9), ta thay ring chuyén vi u va toa do x d& dugc ndi suy trong
pham vi phin ti hitu han, thong qua cac ham hinh dang hoan toan nhu nhau. Ta goi phép
bi€n ddi nay 1a phép bién doi cung tham so.

Néi chung, cac ham hinh dang phai thda min cdc di€u kién sau:

1. Dao ham béc nhat phai hitu han trong pham vi phan tr hitu han.

2. Chuyén vi phai lién tyc trén bién cha phan tlr hiru han.

Vi dy 3.1. Cho mot thanh trén hinh (3.7)
a) Tinh &, N, va N, tai diém P.

b) Néu q, = 0,2cm, q, = 0,5cm, xdc dinh gid tri chuyén vi u tai di€m P.
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1 P 2
+
X, =53cm x = 60cm X, = 100cm
Hinh 3.7
Giai:
2
a) Theo (3.4), ta cé: =—————{60-50)-1=-0,6
) Theo ( s (100-50)( )
Theo (3,5) va (3,6) N, :1«_%&6—)= 0,8
N2 1706 o
2
b) Theo (3.7a) u,=08x02+0,2x0,5=0,26 cm
Theo (3.2), he thic bién dang - chuyén vi:
~du
£=—
dx
Theo quy tac tinh dac ham
g=du df
dé dx
Theo (3.4) ﬁ = 2
dx x,-x,
p I- 1+
Do dé: u=Nq; +Nyg, = —2—E"q1 + —2§q2
du _-q, +q,
dE 2
Theo (3.10): £= 1 (— q, + Qz)
X2 =X
Duéi dang ma tran: e=B.q
Trong dé:  B= : [—~1 1]
X, =X,
q' =1(q, q]

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

B la ma tran bién dang - chuyén vi cdp 1 x 2 dong thoi 12 ma tran chifa céc hing sa.
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Theo dinh luat Hic, tng suat trong phan tir hiru han
c=E. ¢
Thay (3.14) vao h¢ thic trén, ta cd: _
c=E(B.q) (3.17)

Theo (3.17), img suat o 13 mot hing s& trong pham vi phén tir hiru han. N6 dugc xem
nhu téc dung tai trong tam cua tiét dién.

§3.4. MA TRAN DO CUNG VA VEC TO TAI TRONG CUA PHAN TUHOU HAN
Trong phén trén, ta di suy ra cdc biéu thic cda ung sudt, bién dang, ham hinh dang
N, ma tran bién dang - chuyén vi B. Ti€p theo, cén phai suy ra ma tran do cing va vecto
tai trong clia phan of hitu han dé 1ap phuong trinh can béang.
3.4.1. Ma tran do cing
Ta s& van dung nguyén 1y cong 4o da trinh bay trong chuong mot dé suy ra ma tran
do cing.
Ap dung cong thic (2.83a) ta c6 ma tran do cuing:
k.= AE.L, (B'B) (3.18)
Trong d6: A - dién tich mat cat ngang cua thanh;
E - m6 dun dan hoi;
L, - chiéu dai clia phin ti hitu han.
Thay (3.15) vao (3.18), ta cé:

k, = AEL, {_:}-l—[—l 1]

L & L e
Sau khi thuc hién phép nhan ma tran, hé thic trén trg thanh:
1 -1
k.= Ak (3.19)
L. | -1 1

3.4.2. Vecto tii trong cua phan tir hita han
Ap dung cong thiic (2.84), ta c6 vecto tai trong:
t.= A £ Ndx+ T, [Nax (3.20)
Trong d6: f, - Vecto luc thé tich clia phan tire;
T, - Vecto luc bién clia phan tir ¢;
N - ham hinh dang.
Cic ham hinh dang N, va N, biéu thi trén hinh (3.8).
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: dt = J'N dax = L /
= 210X =—
de= J.NIdX:Lc \2
2

A

Y

Hinh 3.8. Tich phan {N;dx va [Ndx

Ap dung cong thiic (3.8) vao (3.20), ta cé:

N, | N,
t.=A. 1, dx +T, dx
Ny | N,
IN,dx_ JN]dx
=A_f, + T,
[Nydx [N,dx
Can ci vao gid tri tich phan trén hinh (3.8), ta c6:
i 1
{ < Ac.Lu.fc[ }_TULL.[ } 321

2 ] 2L
Y nghia vat Iy chia cong thic (3.21) nhu sau. Tich A Lf, biéu thi 1éng luc thé tich cla
phan tir hitu han e; tich T,.L, biéu thj tdng lyc bien tic dung trén phan tir hitu han. Cic
luc nay déu chia déu cho hai ddu ctia phin tf hitu han.
Sau khi tinh dugc ma tran d¢ cing va vec to tai trong cia cdc phan tir hitu han, ta
ghép ching lai d¢ dugc ma trdn do ciing 16ng thé va vec 1o 1di trong 16ng thé.
Goi K 1a ma tran do ciing tdng thé va F 1a vecto ti trong tng thé. Ta c6 so d6 ghép
nhu sau: \
K <3Sk (3.22)
FeXt+P (3.23)
Trong d6: P la véc to tai trong tap trung néu cé.
Vidu 3.2. Cho 1 thanh bi€u thi trén hinh (3.9). M&i phdn tir chiu téc dung ciia lyc bién
T trén don vi dai va lyc thé tich f trén don vi thé tich. Ngoai ra, c6 tai trong tép trung P tic
dung tai nidt 2. Xdc dinh ma tran d¢ ciing tong thé va véc to tai trong tdng thé.
Gidi:

Theo (3.19), ta ¢6 ma tran d6 cimg ciia phén tir hitu han thit i (i = 1, 2,3,4) nhu sau:
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1

NONN

EA[ | —1] G s,

T,

' Y AL
T, * Y Pz@ *
Bang 3.1. So do lién két cic nat gita * 3 |
cac phan tir v i
: T, + | @ * A, L,
Phan t S6 thit ty niit tdng the l 4
1 1 2 \ 11' ' v
2 2 3 T +@: } Aols
3 3 4 { 15 _|i
T ¥
4 4 5 !
Y E. f |4 hang 50
X
Ma tran do cing téng thé b thé xéc Hink 3.9
dinh bang céch tinh téng clia cdc ma tran.
1 -1 0 0 O] 0 0 0 0 0]
EA -1 1 0 00 EA 0 1 -1 0 0
K=—1 0 0000 2o -l 1 00
I-‘l L2
0 0 0 0 0 0 0 0 0
. 0 0 0 0 O] 0 ¢ 0 0 0]
(0 0 0o 0 0l 0 0 0 0 0]
EA 0 0 0 0 0 EA 0 0 0 0 0
+—210 0 1 -1 o|+—=20 0 0 o0 O
L, L,
0 0 -1 1 0 0 0 0 1 -1
00 0 0 0] 0 0 0 -1 1]

Cich lam trén bt loi khi tinh trén mdy tinh dién tir vi phai luu vao bo nhd qué nhiéu
con s6 0. '

Cich 1am dudi day thuan 1oi cho viéc 1ap trinh. Ta d3 bi€t rang mdi phén tir hitu han
cé hai bc ty do mang céc chi s6 1 va 2. D6 v6i toan hé, n6 ¢6 hai bac ty do mang cic
chi s6 biéu thi nhu trén hinh (3.9) va bang (3.1).

EA. . . . . " S g
bat _i_l = ¢, (i=1,2,3,4), ta ¢ cdc ma tran riéng (tiic ma tran clia cdc phan tr hivu
i

han) nhu sau:
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Phan tir 1:

Phan tur 2:

Phan tir 3:

Phan tir 4;
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1 2
|
A |
11 2
ko |00 02
@) (],
2 3
r 2
22 23
K-| @ @)
—€ €,y
(32) (33 |,
3 4
r 3
€3 —€s
33 34
k| O @
—e €4
(43)  (4) |,
4 5
B 4
€y —ey
k4: {44) (45
- ¢, €,
L {54} (s5) s

Trong cdc ma tran d¢ ciing riéng trinh bay trén, cac s& bén ngodi biéu thi s& thi tu
cla cdc bac tr do trong toan heé. Céc chi s (ij) biéu thi vi trf cha cdc phdn i ma tran
trong ma trdn d¢ cting tong thé. Chéng han - e, ,, 1a phdn tir - ¢, ciia ma tran k, ndm &
hang thi 5 va cot thit 4 cia ma tran do ciing tdng thé.

Dé xdc dinh ma tran do cung tng thé Kk ta lan luot dat cdc ma tran do cdng riéng vao
ma tran do cling tong thé & nhimg vi trf thich hop. Nguyén tic ghép cic ma tran riéng
nhu sau: n€u cac phan ur clia cdc ma tran riéng ciing chi 6 ij thi ching dugc cong vai
nhau. Chang han e,(22) + €,(22), €,=(33) + e4(33), e, (44) + c,(44).

Sau khi thuc hién céc budc trén, ta duoc:

r

K=E

| 2 3 4 5
A A )
L, L,
_é'_ i A3 _i 0 0
L, L, L, L,
0 — Az 1_‘\_2 +i __i 0
L, L, L, L,
0 0 _As Ay A _A
L, L, L, L,
0 0 0 _§4_ Ay
L, L,
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Theo (3.21), ta c6 vecto lal trong

L.f 1,11
L= AL 1 + Tk i=1,2,34.
2 |1 2 |1
Cach ghép cac vecto tai trong riéng ciing lam tuong tu nhu trén.
Phan tir 1:
ALfL  TL, T
_ +
L= 2 2
ALt TL,
2 2 Jp
Phan tir 2:
2
Arl,f " TL, +P,
t, = 2 2
AsL,fy TL,
2 2 3
Phan tir 3:
3
AsL;l, + T,L,
t_\‘ = 2 2
ALl Tl
2 2 4
Phin 4:

4
A4L4f4 + T4L4

t, = 2 2
2 2 15

Cic s6 bén phai biéu thi s6 thi tu cdc bac tr do. Pé ghép-cdc veclo tai trong, ta
cOng v4i nhau cdc phan 1 trong vecto tai trgng clng ¢6 bac tu do (titc s6 thi tv cua
hang) nhu nhau,

Chéang han, phdn tir thit 2 trong t, cong v&i phdn i th nhél trong t,, phan ur tha 2
trong t, cong vd4i phan i thi nhat trong t,, phan tir tha 2 trong t; cong voi phan ta thi
nhat trong t,.

Cuéi cling, vecto tai trong 1ong thé ¢6 dang nhu sau:

32 http://vietham12h.com



Céng ty Hoa Chéat Xay Dwng Phuwong Nam

ALf LT 0
2 2

[A]L,erLlTl L[ Aalof Lsz,] P,
2 2 2 2

[Angf L LTy [ Askaf Lﬂg) ol
2 2 2 2

(A3L3f N L3T3}+(A4L4f+ L4T4] 0
2 2 2 2
2 2

§3.5. CAC TINH CHAT CUA MA TRAN DO CUNG TONG THE K

Ma tran dé ciing 16ng thé K trong bai todn mot chié¢u ¢é cic tinh chat quan trong sau
day:

1. Ma tran K ¢6 cap n x n,trong dé n la s6 bac ty do hodc s6 niit vi mdi niit chi cé mot
bac tu do.

2. Ma tran K d6i xitng (xem 3.24)

4. K la ma tran dai {hinh 3.10)

dol xing

1

Hinh 3.10. Ma trdn dai d61 xitng
Trong ma tran dai, cdc phan tir cia ma trin phan b6 trong mot dai ddi xing, cdc phan
tr con lai déu triét tiéu. Trong vi du (3.2), ma tran K & (3.34) 1a mot ma tran dai doi
xiing, bé rong nira dai NBW = 2. D¢ tiét kiém bo nhd khi tinh trén mdy tinh dic¢n tu, ta
luu cic phan tr cia ma tran vao mot bang hinh chit nhat nhu sau:
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. NBW=2
[« >
A A
Ll L]
Al A A
L, L, L,
K,=F|22,8 _As
L, L, L,
Az Ay _Ag
L, L, L,
A
4 0
L L4 _

Ma trin K, ¢6 cdp n x NBW trong d6 NBW la bé rong nira dai tic 1a s6 phén tir trong
mot hing clia nira dai. Trong cédc bai todn 1 chiéu, mdi phin tir hite han thd i ¢ 2 nit i
va i + 1 do d6 NBW = 2. B rong nira dai ¢6 thé tinh theo cong thiic sau:

NBW = max (hi¢u cic bac tu do trong mot phan tir hitu han)+1 (3.25)

[ O - @ - &) - @ —e NBW= 4
a) 1 4 5 3 2

" ® & ® L 4 @ . @ —a NBW: 2
b) I 2 3 4 5

Hinh 3.11. Cdch ddt 58 thi ty cdc nit va bé rong mia ddi twong ing
Chéng han d6i v6i mo hinh 4 phan tir hitu han trén hinh (3.11a), ta c6:
NBW = max (4-1, 5-4,5-3,3-2)+ 1 = 4.
Theo hinh (3.11b) NBW = max (2-1,3-2,4-3,5-4)+ 1 =2
R6 rang 1a cdch dit s6 thi tu cdc nit trén hinh (3.11b) ¢6 tinh chét 18i vu vi bé rong
nita dai bé nhat do d6 ti€t kieém dugc bo nhd clhia may tinh dién tir.

§3.6. HE PHUONG TRINH CAN BANG CUA TOAN BO KET CAU. CACH XULY
CAC DIEU KIEN BIEN
3.6.1. Hé phuong trinh can bing téng thé

Trong chuong hai, ta da thiét lap dugc hé phuong trinh can bing clia mot phan ti hitu
han thit i theo céng thuc (2.78).
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kigi = t; (3.26)

Trong d6:  k; - ma tran do citng cta phén tir thi i;

q; - vecto chuyén vi clia phan ti thit i;
t; - vecto tai trong clia phén tir thi i.

Trong phan trudc, ta da trinh bay cdch ghép cdc ma tran d¢ cimg riéng va cac vecto
tai trong riéng dé duoc ma tran do cimg t8ng thé K va vecto tai trong téng thé F.

Bay gid ta xép cdc thanh phan chuyén vi trong toan h¢ theo s& thi tr bac tu do dé
dugc vecto chuyén vi téng thé Q:

Q=[Q,QQ; ... Q.1

Trong d6 n 14 s6 bac tu do cha toan hé.

Xual phdt 1ir (3.26), ta ¢6 hé phuong trinh cin bing téng thé:

KQ=F (3.27)

Giai h¢ phuong trinh trén, ta dugc gid tri cc thanh phan chuyén vi Q.. Sau khi 4p
dung cdc cong thic (3.14), (3.17), ta tinh dugc bién dang va ting suat trong méi phin
hitu han.

Trong ket cau néi chung, c6 thé xdy ra trudng hop chuyén vi tai mot didm nao dé
triet tieu hodc cé gid tri bi¢t truée. Day 1a nhing diéu kién bién can phai xét dén
trong qua trinh giai hé phuong trinh can bang t6ng thé. Vin dé nay sé dugc nghién
¢l trong phan sau.

3.6.2. Cach xir Iy cic diéu kién bién

3.6.2.1. Cdc loai diéu kién bién

Co6 hai loai diéu kien bién.

Dai voi logi thit nhat, chuyén vi tai mot diém nao dé ¢6 gid i cho trude. Chéng
han nhu:

Qu=2a:Qp=2, . Qs =2, (3.28)

Trong d6 Q, 1a chuyén vi trén phuong bic ty do d, clia toan he ; a, 1 gid tri chuyén vi
cho trude (chang han nhu dé lin ctia nén méng); r - s6 bac wr do ¢6 chuyén vi cho trudc.

Cic he thic (3.28) ¢6 thé dp dung cho bai toan 2 chiéu, 3 chiéu va he thanh.

Loai thir hai goi 13 cic rang budc nhiéu diém.

N¢ ¢o dang:

B,Qu +8,Q, = By (3.29)

Trong dé: B, B, B, 1a nhiing hang s6 cho trudc. Loai diéu kién bién nay dp dung cho
cac goi tua tan, lién két cimg.
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C6 hai phuong phip xit 1y cdc diéu kién bién:
- Phuong phap loai trir
- Phuong phap mo hinh 1o xo.

3.6.2.2. Phuong phdp logi trir
Trude hét, ta hily suy ra biéu thirc cha thé nang toan phan.
Goi F 1a vecto ti trong tong thé;

Q 1a vecto chuyén vi tong thé.

Ning lugng bién dang clia phan tir hitu han ¢6 dang:
U.= 1 _[G'S.A.dx
2
Thay ¢ = E Bq vao € = Bq vao hé thic trén, ta cé:

1
U = L (¢'B.E.B.qAdx
. 2qu q

Vig, B, E, A 1a nhitng hing s6 nén :
U, = % '(A'ELeB'B)q
Trong d6: A - dién tich mat cét ngang:
L, - chiéu dai cha thanh 1 chiéu;
E - mé6 dun dan héi.
Theo (2.83);
1
U, = —q'k,
<75 qK.q

Dai vai todn hé, ta ¢6 nang lugng bién dang 1oan phan:
1
U=— Q'K.Q
2
Vay thé nang toan phén clia hé két cau cd thé viét:
1
TNT = EQ'KQ—Q'.F (3.30)

Ta s¢ van dung nguyén 1y thé nang cuc tiéu dé xir 1y cdc diéu kién bién loai mot. Gia
st cht ¢6 mdt dicu kién bién Q, = a,. D&i véi két cau ¢6 N bac tu do, ta cé:
Q=[Q Q. QT
F={F, F,...EJ
Ma tran do citng téng thé c6 dang:
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Ko Koo Ky
K K o K

K=| 2 22 2N (3.31)
Ky Ko K |

Can chd y rang K 1a ma tran d6i xing. Thé nang toan phin trong (3.30) c6 thé khai
trién nhu sau:

1
TNT:E(QlKIIQI +QKpQp +--+ QK (yQy
+Q,K,,Q) +Q,K5,Q, +... + QK Qy

—————————————————————— (3.32)
+ QnKnQr + QnKpaQy +0-+ QuKinQn)
Thay dicu kién bién Q, = a, vio (3.32)
|
TNT:E(aIKIIal +a,KpQp +-+a, K yQy
+QoKpa) + QK 5Q, +--+ QK1 Qy
—————————————————————— (3.33)

+QKyjap + QuKNQ; +-- + QnKwQn)

= (@F +Q,F +--+QuFy
Can chi y rang chuyén vi Q, da bi loai trir khéi biéu thitc thé nang toan phin néu trén.

Dé cuc ti€u hoa thé niing toan phan, ta triét tiéu dao ham cia né d6i véi chuyén vi Q;
dTNT _
dQ,
Tir (3.33) va (3.34), ta cé:

K2Qa +KpQs +--+ KonQn = F ~ Ky,
K35Qu + K33Qs +--+ K3\Qp = F; —Kyy1

0 1=23 N (3.34)

(3.35)
KnoQy + KysQs + -+ KwQn = Fy =Ky g,
Duéi dang ma tran:

K Ky o Ky || Qs E, - Kpa

K K - K F,. - K
’32 33 N | Q’. - :3 319 (3.36)

Ky Kyz o oo Ko | [Qn Fv - Kny
57
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Qua trén, ta thay rdng cdp cla ma tran K bay gio la (N-1) x (N-1) vi di loai trir hang
thit nhat va ¢ot thi nhat (ing véi Q,) tirma tran géc cap N x N,

Tit h¢ phuong trinh cin bang dng thé KQ = F v6i ma tran K ¢6 cap (N-1) x (N-1), ta
xdc dinh vectd chuyén vi 16ng thé Q theo phuong phdp Gauss va tlr d6 tinh tmg suat va
bién dang.

Phan luc R, tai g6i tua c6 chuyén vi a, tinh tir phuong trinh saw:

K,Q +K,Q, +..+K,Q,=F + R, (3.37)

Trong d6:  Cic chuyén vi Q,, Q,, ...... Qy da bigt,

F, 14 luc dit tai goi tya (néu cd).

Vay:

R =K, Q +KQ,+ ... KQx-F, (3.38)

Can chu ¥ rang cdc phdn tlir cia ma tran K, K, .....K, can dugc luiu riéng vao bo
nhd vi ching da bi loai trit khor ma tran goc K.

Phuong phap trén ¢6 thé dp dung cho trudng hop téng quét trong d6 ¢6 nhiéu diéu
kién bién.

Phuong phap loai trir ¢6 thé tdm tat nhu sau:

Qu=a,;Qp=2a) i Qd, =a,

Birée I: Luu vao bd nhé cdc dong thu d,, tha d,, ......... thit d, cha ma tran tong thé K
va vectd tai trong tong thé F.

Bueiie 2: Loai trir khoi ma tran K cdc hang va ¢t thit d,, thir d,. ......thi d. (d, 12 $6 thi
tu bac tr do trong toan hé). Ma tran K bay gitr ¢ cdp (N-r)x(N-r) va veclo tat trong co
cap (N-r) x 1. Bién d6i méi thanh phin clia vectd tdi trong nhu sau;

F=F - (K -a, +Kjg, a, + ... +K) (3.39)

Trong d6, bac tu do i khong phai 4 g6i tua (tic 14 tng véi chuyén vi can phai tim).
Can cit vao ma tran K™ va F™ di duoc bién doi, giai hé phuong trink.

K'Q=F
dé xic dinh vecto chuyén vi Q.

Biree 3: Dol véi moi phan tir hira han, can cif vio veclo tat trong q, xdc dinh tng suat
va bi¢n dang.

Bude 4: Can cif vao cde so ligu luu trlt & bude 1, tinh cdc phan luc tai moi goi tua.

Ry =Ky Q+ K2 Qo+ it Ky w Qu - Fuy
Ry =K Q)+ KpppyQy + e +KinQu-Fp
.......................................................... (3.40)

R, =Ky, Q)+ Quy Qs # covvevrveennt QuaQu - Fiy
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Trong do: K 1a phan i cha ma tran K nam trén hang thit t va cot (thi j (¢ day, ¢6
nhi€u chi $6 con nén phai ding dau phdy); R,; - phan lyc men theo bac tir do d,.

Vi du 3.3: Cho két cdu mot chiéu nhu trén hinh (3.12)

2
3 % __________ ?_O_]f__{,_ o ,_?}N — X ?}i’iﬁ:‘i?; cm®
é o @ 2 Thlanh 2: \2 cm2 )
] Modun dan héi: 21000kN/cm?
%’i &0cm ol 40cm .
Hink : 3.12
Dung phuong phép loai trir tinh: - Chuyén vi;
- Ung sut;
- Phan luc.
Gidi. S8 thanh ;2
56 BTD ¢6 chuyén vi: 2
Tong s6 BTD: 3
86 BTD ¢6 chuyén vi triét tiéu: 1
S6 thit tu BTD c6 chuyén vi triét tiéu: 3
1) Can cif vao (3.19) xdc lap cdc ma trén do cimg riéng:
[ 3 1 ] « S6thit y BTD téng thé
Thanh 1: k,=11750 -1750!3
1750 |1
1 2 | « S&hi tw BTD t8ng thé
Thanh 2; k,=11050 -1050]|1
1050 |2
2) Ghép cac MTDC riéng thanh MTDC tong thé:
1 2 « S8 thit tv BTD 1ng thé
1750  —1050
+1050
| 2800 ,
-1050 1050

http://vietham12h.com 59



Céng ty Hoa Chéat Xay Dwng Phuwong Nam

3) Can ¢t vio cac tai trong tac dung 1én két cau (khong ¢6 luc the tich va luc bién), ta
¢ vecto ai trong.

30
F=|50
0
4) Gial h¢ phuong trinh
KQ=F

Ta duoc gi4 tri cac thanh phéan chuyén vi:
(Q.q) = (1,143 5,905).10% cm
5) Tinh (g suit theo (3.15) va (3.17)

0
Thanh 1: c, = 21000.i[—1 1]. , | =4 kN/em’
60 1,143 x 107
(1,143 x 1072
Thanh 2; G, = 21000.L[—1 1]. * =25 kN/cm’
40 15,905 x 107

6) Tinh phan luc theo (3.38)
FL = -1050 x 1,143 x 107 + 1050 x 5,905 x 107 = — 20kN

3.6.2.3. Phuong phdp mo hinh 16 xo

Phuong phdp mo hinh 1o xo thuan ti¢n cho viéc lap trinh dé tinh trén mdy tinh di¢n
tir. N6 don gian ngay ca khi dugc dp dung vao cac rang budc nhidu diém nhu wrong
phuong trinh (3..20). Ta s& nghién cliu vin d¢ nay trong cic truong hgp sau:

Truong hop diéu kién bién vor cac chuyén vi cho trieoc.

Gia sir co diéu Kién bién:

Q =a

Trong dé: a, 1a chuyén vi cho trudc doc theo bac tyr do | & g6i tua. Phuong phap mo
hinh 16 xo trinh bay nhu sau:

Géi tua duge mo hinh k. mot 16 xo ¢6 do cing C rat 16n. Gid tri do ciing nay sé
nghién ctru sau. Mot dau cla 16 xo chuyén vi mot doan a, nhu trén hinh (3.13). Chuyén
vi Q, doc theo bac ty do | tai goi tua xdp i bang a, do lyc can ctia két cau tuong doi bé.

Do gidn cha 10 xo 14 (Q, - a,). Ning lugng bi¢n dang ctia 16 xo

U = %C(Q, —a, Y (3.41)
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The nang toan phdn TNT béng thé nang cla két
cdu + thé nang cua [d xo.
Két hgp (3.30) va (3.41), ta cé:

TNT :%Q'KQ +%C(Q, ~2,)' ~Q'F

(3.42)
Theo nguyén 1y thé nang cuc tiéu, ta triét ticu dao
ham cua TNT d6ivai Q, (i=1,2, ... N)

dTNT .
——=0 1=12,.. .. N}
dQ,
Hinh 3.13. Mo hinh 16 xo
Sau cdc phép tinh, ta c6 hé thiic ma tran sau: tai goi tua két cdu
K’:z} K.zz K?N Qz _ Fg (3.43)
KNI KNz KNN QN FN

Qua trén, ta thay rang (ng v6i diéu ki¢n bién Q, = a,, 4o cimg C rat 16n duge cong
vao phan ur dau tién trén dudng chéo chinh clia ma tran K va tich C.a, dugc cong vao
phin tir diu tién cha vecto F. Ta xdc dinh gié tri cac thanh phén chuyén vi Q, biang cich
giai h¢ phuong trinh (3.43).

Phan lyc men theo bac tu do d, bang lyc clia 15 xo tac dung lén két cau. Vi do gian
cta o xo 1a (Q, - a,) nén phan luc:

R,=-C(Q,-a) (3.44)

Phuong phdp mé hinh 16 xo0 ¢6 thé tém tét nhu sau:

Gia st ¢é céac diéu kién bien:

le = a, de Ty ceeevrirnenen Qd =a,

2

Bitoc I: Thay d6i ma tran do cing téng thé K bing cich cong s6 C rat 16n vio cic
phén tir thit d,, d,, ......d, trén dudng chéo chinh clia ma tran K (d, 1 s6 tha tu bac tu do).
Dong thai, cong tich C.a, vao F,,, C.a, vao Fy, - C. @, vao F, trong vecto téi trong F.
Giai he phuong trinh K'Q" = F" trong d6 K" va F* 1a nhiing ma tran di duoc bign déi.

Bide 2: Sau khi di xic dinh duge cic thanh phan chuyén vi, tinh tmg sudt va bién
dang trong két cau.

Butoe 3: Tinh phan luc tai g6i tya theo cong thiic:

Ry=~C(Qu-a)i=12, ... (3.45)
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Cin chii ¥y ring phuong phdp mo hinh 10 xo c6 tinh chat gan diing. Do chinh xéc, dac
biét d6i véi phan luc, phu thudc vao cach chon s6 C.

Cdach chon s6 C
Phuong trinh dau tién trong (3.43) c6 dang:
K, ,+OQ +K,, Q+ oo + Ky Qu=F, + C. a, (3.46a)
Chia phuong trinh trén cho C, ta duoc:
[ECU-H]Q] +%Z‘Q2 +............+I;—'NQN =%+al (3.46b)
Tir phuong trinh trén, ta thay rang khi C kha 16n so v6i cdc phan tir cla ma tran K,
K,y oo K Q, = a,. Cin chi ¥ ring F, 12 tai trong dat tai g6i tya (néu cé) va ty s6
F /C thudng rat bé. C6 thé chon s6 C nhur sau:
C = max |Kij|x 10
1<i<N (3.47)

1<j<N
Kinh nghiém cho thdy cich chon thira s¢ 10%, ndi chung, théa man yéu cdu clia mdy
tinh dién tr.

Vi du 3.4: Cho hé¢ mot chiéu nhu trén hinh (3.14)

-,
4
7 30kN SOKN ,1131‘]3" r[llih:5 X
1, - ———— > X anh > cm
E:'r' o 2 @ 3 Thanh 2: 2 cm?®
g Modun dan héi: 21000kN/em?
7 60cm 40cm
;;<———>+<—>{
Hinh 3.14
Ding phuong phdp mo hinh 10 xo tinh:
- Chuyén vi;
- Uhg suat;
- Phén lyc.
Gidi: Sa thanh: 2
S& BTD c¢6 chuyén vi: 2
Tdng s6 BTD: 3

S6 BTD ¢6 chuyén vi cho trude: 1
S& thit tu BTD ¢6 chuyén vi cho trudce: 1
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1) Cén cir vao (3.19) xac 1ap cdc ma trin d6 cimg riéng:

Thanh 1:
1 2 | < S6thitu BTD téng thé
k,=|1750 -1750]1
I 1750 |2
Thanh 2:
[ 2 3 | <« S&thit te BTD téng thé
k,=|1050 -1050 |2
i 1050 |3
2) Ghép cédc MTDC riéng thainh MTDC téng thé:
1 2 3
(1750 -1750 0 11
K- +1750
_1050
2800 1050 (2
i -1050 1050 |3

3) Can cu vao céc tai trong tac dung 1én heé mot chiéu, xdc 1ap vecto tai trong (khong
¢6 luc bién va luc thé tich):

50

4) Bién ddi ma tran K vi ma tran F

Vi 56 thit tu BTD c6 chuyén vi cho true bang 1 (& day, chuyén vi cho trude bang 0)
nén phan tir thit nhat trén dudng chéo chinh cia ma tran K duge cong thém s C va phéin
tir thi nhét cia vecto tai trong F duge cong thém gid tri (C. chuyén vi tuong tmg). Gid tri
cuc dai tuyét dbi ctia cac phan tir trong ma tran K bing 2800. Chon C = 2800 x 10",

Vay:
k(l, D=17530+28 x 10"  f(D=0+2800x 10*x0=0
5) Can ctf vao ma tran K v ma tran F d dugc bién déi, gidi hé phuong trinh:
KQ=F
Ta duge gid tri cdc chuyén vi
@ Qs Qs) = (7,14286 x 10" 1,143 x 10® 5,905 x 107)em
6) Tinh tng suat theo (3.15) va (3.17)
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0
Thanh 1: clzziooo.i[—l 1]. , | =4 kNfem?
60 1,143 x 10

1,143 x 1072

Thanh 2: czzzlooo.i[—l 1]-
40 5,905 x 107

} =25 kN/cm?

7) Tinh phan luc theo (3.38)
Taindt1:  fi(1)=-28 x 10"(7,14286 x 10" -0) = 20 kN
Vi du 3.5: Cho hé mot chiéu nhu trén hinh (3.15)

(

!
VAL LTI a’/g//fffr";".r —

I F
i
!
Q) 1| 40cm
| Modun dan héi: 21000 kN/em?
i Dién tich:
i 2 ¥ Thanh i: 4 cm®
;\ ry Thanh 2: 2 cm?
™
© | 100kN
@ : 20cm
s ¥
02cm Az )
l 200kN
l Hinh 3.15

Ding phuong phap mé hinh 16 xo tinh:
- Chuyén vi;
- Ung suat;
- Phan luc.
Giai: S6 thanh: 2
Téng s6 BTD c6 chuyén vi (ké ca chuyén vi cho trudc): 3
S6 BTD ¢6 chuyén vi cho trudc: 2
Sa thit tw BTD ¢6 chuyén vi cho trude: 1, 3
Chuyén vi tuong tng (xem hinh 3.15): 0; 0,2cm.
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1) Can ¢ vao (3.19) tinh cic ma tran do cing riéng:

Thanh 1:
1 2
k,=|2100 -2100 (1
2100 2
Thanh 2:
2 3
k,=|2100 -=-2100 (2
2100 (3

2) Ghép cac MTDC riéng thanh MTDC tdng thé:

1 2 3

(2100 2100 0 1
K- ,2100
2100

4200 -2100 |2

| 21003

3) Can cit vao cdc tai trong tac dung lén hé mot chiéu (khéng c6 lye thé tich va liuc
bién), xac lap vecto tai trong:
0
F=1100
200

4)Biéndéimatran K va F

Vi cic chuyén vi cho truée xuat hién tai BTD cé sd thi tr 1 va 3 (hinh 3.15), ta phai
cong gid tri C vao phan ur tht nhat va phan tir thi 3 trén dudng chéo chinh clia ma tran
K; cong gid tri (C x chuyén vi cho trudc) vao phén tir thi nhat va phan ti thi 3 cta ma
tran F.

Gia tri cyc dai tuyét déi cha cdc phan o trong ma tran K bing 4200.

Ta chon C=4200x 10*. =42 x 10",

Vay: (1, 1)= 2100 +42 x 10" k(3,3) = 2100 + 42 x 10"
f(y=0+C0 f(3) =200 + (42 x 10'°.0,2)
3) Can cif vao ma tran K va ma tran F di duge bién déi, giai hé phuong trinh:
KQ=F
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Két qua tinh:
Q> G Ga) = (6,1905 x 105 0,124 ;0,2)cm
6) Tinh Ung sudt theo (3.15) va (3.17)

Thanh 1:
o, = 21000.—[-1 1] =65 kN/cm
40 0,124
Thanh 2:
1 0,124 :
o, = 21000.—[-1  1]. = 80 kN/cm
20 0,200
7) Tinh phan lyc theo (3.45)
Tai niit 1: fl(1) = -42 x 10'°(6,1905 x 10" -0) = -260kN
Tai miit 3: fI(3) = — 42 x 10"(0,2 - 0,2) = - 40kN

3.6.2.4. Truong hop rang bugc nhiéu diém
Trong trudmg hop g6 tua nam nghiéng hoic lién két cimg, diéu kién bién cd dang.
B1Qar +B2Qa2 = Bo

Trong d6: By, B,» B, 12 cdc hang s6 di biét. Phuong phdp mo hinh 16 xo s& duge dp
dung cho diéu kién nay nhu sau:

Thé ning toan phan c¢é dang:
1 1 2 ,
INT = EQ'KQ+5C(B|Qd1 +B,Q4 _Bo) -Q'F (3.48)

Trong d6: C 1a mot s6 rat 1dn. Vi C rat 16n, ¢é TNT cé gid tri cuc ti€u, (B,Q,,+B,Qu)
phai rit bé nghia 1a B,Q, + B,Qu = B, nhu ta mong mudn. Bang céch triét tiéu
dTNT

(i=12.......N), ta duoc cdc h¢ thiic sau:

i

|:Kd|d| Kd]dgj' R Kaq, +CpB} Kg,a, +CB\B> (3.49)

Ka,a +CBiB, Ky, +Cp3

F F, +CB
o | ob (3.50)
Tix cdc phuong trinh JTNT/0Qy =0 va JINT/0Q,, =0 taco:

ZKdijQi ~Fg =Ry va deijj ~Fiz =Rap
J J

Koa Ko,

66
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Céc phan luc Rg4, va Ry, doc theo cdc bac twdo d, va d,:

a |1
Ry =- anl‘I:EC(BleI +3,Qq, ‘30)2} (3.51)
0
A NE { C(BiQu, +B:Qu, ~Bo) } (3.51b)
Sau khi don gidn héa céc phuong trinh (3.51) ta dugc: -
Ry, =~CB, (BiQy, +B,Qu, —By) (3.522)
Ry, =~CPy(B1Qu, +B2Qu, —Bo) (3.52b)

Céc rang budc nhiéu diém 13 loai diéu kién bién téng quét nhat, vi tir d6 c6 thé suy ra
cdc truong hop dac biét khéc.

§3.7. HAM HINH DANG BAC 2

Trong cédc phan trude, ta di ding ham hinh dang tuyén tinh dé giai bai todn mot
chiéu. Tuy nhién, trong mot s6 truong hop, ta cé thé ding ham hinh dang phi tuyén tinh
bac 2 d€ dugc nhiing két qua tinh todn chinh x4c hon. Cach suy ra ma tran d6 cing va
vecto tai trong twong ty nhu d lam trudc day.

Ta hdy xét mot phdn t&r hitu han bac hai 3 nut nhur trén hinh (3.16a).

Hinh 3.16. Phan it hitu han béc 2 trong toa dé x va toa do ty nhién
SO thit ty cdc nit nhu sau: nidt I & bén trdi, nit 2 & bén phai va niit 3 & giita, nit
nay got la mit bén trong. S& di dua né vao dé suy ra ham hinh dang béc 2. Goi x la toa
do clha moét diém. Véc to chuyén vi q = [ 4, q; q;] trong d6 g, q,, g [2 cdc thanh phin
chuyén vi tai cac nit I, 2, 3 . Toa d¢ x tai 1 diém trong phan t hiu han dugc bién déi
thanh toa do tu nhién nhu sau:
2(x - x3)
XX

£ = (3.53)

Tir phuong trinh trén, ta thay ring £ = —1, 0 vd +1 tai cac nit tuong ng 1, 3, 2
(hinh 3.16b).
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Bay gid trong toa do tr nhién &, ta dinh nghia cdc ham hinh dang bic 2 N,, N,, N;

nhu sau:
N, @ = 5&(1-2) (3.54a)
N, (&)= %i(l -&) (3.54b)
N, (€)= (1+&)(1-§) (3.54¢)

Ham hinh dang N, bing | tai mit 1 va bang 0 tai cdc mit 2 va 3. Mot cich tuong tu,
N, béng 1 tai nit 2 va bang 0 tai 2 mit 1 va 3; N, bang 1 tai mit 3 va bang O tai 2 nit 1 va
2. Céc ham hinh dang N,, N,, N, biéu thi trén hinh (3.17).

N, N
A 4 N2=l 1-
N= 2E(1-8) ,E0-%)
3 | Ijﬁ
(I |1
| |
: |
1 3 2 5 1 3 2 5
£=-1 £=0 E=+t
N
A
' N1=(l+é}(l‘é)
%
1
\ -
1 3 2 :

Hinh 3.17. Cac ham hinh dang N,, N, N,
Ta suy ra cic ham hinh dang trén nhu sau. Chang han N, = 0 tai £ = 0 va N, = 0 1ai
£ =1, vay N, phai chita tich & (1-£) nghia 1a n6 phai cé dang.

N, = c& (1-&).
Hang s& ¢ xdc dinh tt didu kién N, = 1tai £ =-1,dodé c = - —;— Cudi ciing, ta ¢é

cong thic (3-534a). Cac ham hinh dang trén goi 1a ham hinh dang Lagrange.
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Cac thanh phédn chuyén vi trong phin tir hifu han duoc biéu thi qua céc thanh phan
chuyén vi tai cac nit.
u=Nq, + Ny, + Ny, (3.53a)
Dudi dang ma tran:
u=Ng (3.55b)
Trong d6: N =[N, N, N, ]1a ma tran cap 1 x 3;
q = [q, 4, 9] 14 vecto chuyén vi cdp 3 x 1. Ta nhén thdy rang tai nit 1,
N, =1, N, =N, =0do d6 u = q,. Mot cich fuong tu, u = q, tai nit 2 va
u = q, tai nit 3. Vay u trong (3.55a) la ham noi suy bac 2 di qua céc diém
q;» q; va g, (hinh 3.18).

u=Nq, + Nyg, + Ny,

N\

q;
I3

1 3 2 £
Hinh 3.18. Hém noi suy u
Can cif vao (3.53), (3.54) va (3.55), ta ¢6 biéu thic bién dang nhur sau:

_du
T dx
_ dude
dg dx
__ 2 du
_ 2 [dN; dN, dN, a
X,—x, | d&  dg  dE |
g’ [_1—23; 1+26 —2@}.«; (3.56a)
X, =X, 2 2
£=Bq (3.56b)
g _ 2 [_1-2@ 1428 _2‘:] 3.57)

Trong d6: £ tinh theo (3.53)
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Theo dinh luat Hiic, ta c6 (mg suat:
o =E (Bq) (3.58)
Cén chi ¥ N, 12 ham hinh dang bac 2, nén B trong (3.57) c6 tinh chat tuy&n tinh dai
véi E. Didu nay chiing 16 bién dang va img sudt bién déi tuyén tinh trong phdn 1 hitu
han, trong khi ching 12 nhing hang sé né€u ham hinh dang c6 tinh chdt tuyén tinh (nhu
trong cic phén trudc da trinh bay).

Bay gid, ta xudt phét tir phuong trinh (2.83b) dé suy ra ma tran d¢ cing cta phin ti¥
hitu han.

. k. =AE [B'Bdx (a)
Theo (3.53): EE:—Z—: dx =&(£ (b)
dx R 2
Trong d6, L, }a chiéu dai chia phan t&r hitu han. Thay (b) vao (a) ta co:
AEL,
k,=—=|B'B d {c
< [BB & )
Thay B tir (3.57) vao (c) va tién hanh tinh tich phan, ta duac:
1 2 3
EA 7 1 =8|l (3.59)
k,=——%1 7 -8|2 '
3L,
-8 -8 163

Theo (2.84), ta ¢6 vecto tai trong:

le'ngr-T_';i l_[N‘dé;
-1

t,=Af [Ndx+T [N1dx = At
2
Thay N tit (3.54) vao phuong trinh trén, ta ¢6 vectd tai trong cua phdn tir hitu han
trong trudng hop tong quat.

1/6 1/6 1
t=ALf|1/6] + L. T|1/62 (3.60)
2/3 2/3]3

Dé dugc ma tran do cling téng thé K va vectd tai trong tdng thé F, ta phai ghép cic
ma tran K, va cc ma tran t, nhu da lam trong phén trudc.
Cusi ciing, giai he phuong trinh can bang tdng the.
K.Q=F
dé xac dinh cdc thanh phan chuyén vi va tir d6 xdc dinh Ung sudt va bién dang trong
k¢t cau.
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§3.8. TAC DUNG CUA NHIET BO

Trong muc nay, ta nghién citu cdch tinh Ung suét do sy bién thién nhiét do gay ra
trong mot vat liéu dan hoi tuyén tinh dong tinh trén moi phuong. Day 13 baj todn tng
sudt nhiét.

Gia sur da bi€t do bién thien nhiét do At (x). Bién dang ban ddu do nhiét do gAy ra co
thé viét:

g, =o.AT (3.61)

Trong d6, « 1a hé 88 gidn nd do nhiét.

Can chd y rang khi AT > 0, nhiét do tang va khi AT < O thi nhiét d6 giam. Dinh luat
(g suit - bién dang trong trudng hop cé bién dang ban ddu €, biéu thi trén hinh (3.21).
He thiic 1ing suat bién dang cé thé viét:

c=E(e-¢g;) (3.62)

Y

Hinh 3.19. Dinh ludt ing sudt bién dang khi c6 ung sudt ban déu do nhiét gay ra
Bay gio ta suy ra bi€u thiic ma tran dé cing vi vecto tii trong tuong duong trong
trudng hop cé tdc dung ciia nhiét do.
Tir cong thiic 16ng quat (2.71) suy ra cho bai todn | chiéu:
8U=98;".c.A.dx
Trong bai todn mét chieu dV = Adx; D = E (mé dun dan héi).
Thay o =E (e - &) ta cé:
8U = [5,E(e—e,)Adx = [5, EzAdx - [5, E.eoAdx
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Vie =B. qnén d, =B §,do dé:
8U=8',EAB. 2 q j’dx — 8,EAe B’ fdx
= 8, .(EAL B"B) q - 8, .(EA w.AT.LB") (a)
Mait khéc, tir (2.72), ta ¢é:
W, = [[[o,f dv+][5,T ds

Trong bai todn mot chiéu: dV = Adx, ds = dx:
Viu=N.qnénd,=N.d;dodé:

8W, =8',. . A [N.dx+8,T [Nidx (b)
Ap dung nguyén 1y cong ao, tir (a) v (b) ta cé:

8U = W do dé

(EALB'B)q = EA aAT.LB' + Af [N'dx+T [Nux ()
Phuong trinh trén ¢6 thé viét: k,.q=f

Trong d6: Kk - ma tran do ciing ciia phan tr hitu han, da duge suy ra tr (3.18) va (3.19).

‘ f - vecto tai trong.

Hai s6 hang cu6i cling trong v€ phai cia (c) da suy ra tir (3.20) va (3.21). S8 hang ddu
tién ¢ v€ phai cta (c).

- 1
EAQAT. L. B' :E.Aa.AT.L%[ ll}=EAaAT[ J

Tir cdc két qua trén, ta c6 vecto tai trong

-1 1 1
f=(EA0AT pAckel | 1) Tl (3.63)
1 2 1] 2 1

-1
Trong doé: f,=EA.aAT |: J (3.64)

f, goi la vecto tai trong do nhiét.
Ta ghép cic ma tran do cing k. va vecto tai trong f nhu da lam trong cdc phan truée
dé€ dugc hé phuong trinh can bang tong thé.
K.Q=F
Giai hé phuong trinh trén dé xdc dinh gid tri cdc thanh phin chuyén vi, tir d6 tinh bién
dang trong két cdu. Ung sudt tinh theo cong thiic:
o =E(e—¢;)=E(B.q - a.AT)

hay o, =§—[—1 1] q, - EaAT (3.65)
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Vidu 3.6: Cho hé mot chiéu nhw trén hinh (3.20)

Z ®
2 @ Modun dan héi: 21000kN/em’
4 L 30kN 4 Dién tich:
- - .
5 ;;l--—-—--—f-—-—-q-;—o .3 p—— s
4 SOKN Thanh 1: 5 ¢m
g Thanh 2: 2 ¢m?
2 60cm | A0cm :
% = —=
Hinh 3.20
Dung phueng phdp ham hinh dang bac 2 tinh:
- Chuyén vi;
- Ung suat.
Giai: S thanh: 2
86 BTD ¢6 chuyén vi: 4 (hinh 3.20)
Téng s6 BTD: 5

S6 BTD ¢6 chuyén vi triét tiéu: 1
56 thit ty BTD ¢6 chuyén vi triét tieu: 5 (hinh 3.20)

1) Can ci vao (3.59), x4c lap cac ma tran do ciing riéng:

5 2 i
4083,33 583,33 —4666.67]5
Thanh 1 ki = 4083,33 —4666,67 |2
9333,33 |1
2 4 3
2450 350 280072
Thanh 2: k, = 2450 —2800 |4
5600 |3

2) Ghép cac MTDC riéng thanh MTDC tdng thé:

1 2 3 4
433333 —4666,67 0 0o |1
K= 4083,33 2800 350 |2
5600 2800 |3

d6i ximg 2450 |4
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3) Can cif vio c4c 14i trong tdc dung lén hé mot chiéu, ta ¢d vecto tai trong (khong co
luc bién va luc thé tich):

0
-30
F=
0
50
4) Giai hé phuong trinh
K.Q=F

Két qua tinh:
(90 Qps s> Qo) = (0,571 ; 1,143 ; 5,905) x 107 cm
6) Tinh ting suat theo (3.17)

Tai mit 1: o(1) = 4 kN/cm?
Tai nut 3; o(3) = 25 kN/em?
Vi du 3.7 Hé mot chiéu nhu trén hinh (3.21). Dung phuong phap mé hinh 16 xo tinh:
- Chuyén vi;
- Ung suit. :
_— L’K/A///ff/j’f/ff/ffx
Fy T1
'. Modun dan héi: 21000 kN/cm®
{ Dién tich:
100cm i @ Thanh 1: 6 cm?
[ Thanh 2: 4 cm?
i Ty trong: 0.0785 kN/em*
v 12 Heé s& giagn nd: 11,7 x 10%°C
ry S8 gia nhiét do: 60"
e
0c | AQ0KN
2 3!
i
l X Hinh 3.21

Gidi. S6 thanh: 2
S6 BTD c6 chuyén vi (ké ca chuyén vi cho trude): 3
S BTD ¢6 chuyén vi cho trudc: 2
S& thit tu BTD c6 chuyén vi cho trude: 1, 3
Chuyén vi tuong ung : 0; 0
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1) Xéc lap cdc MTDC riéng theo (3.19)

1 2
Thanh 1: k,=[1260 -1260]1
1260 |2
2 3
Thanh 2: k,=[1200 -120012
| 1200 |3
2) Ghép cac MTDC riéng thanh MTDC t3ng thé:
1 2 3
1260 1260 0 1
K- 1260
1200
2460 —1200 {2
| d6i xing 1200 |3

3) Can cir vao (3.63) xdc 1ap vecto tai trong téng thé trudng hop xét ca trong lugng
ban than va tic dung clia nhiét do:

23,55-88,452=-64,902 | 1
Thanh 1:

23,55+ 88,452=112,002 {2

10,99 - 58,968 = -47,978 | 2
Thanh 2: J

10,99 + 58,968 = 69,958 |3

Sau khi ghép cdc vecto tai trong (xét ca tai trong téc dung bén ngoai), ta cé vecty tdi
trong tong thé:
- ~64,902
F = 112,002 -47,978 + 400 = 464,024
69,958
4) Bién d6i ma tran K va ma tran F
Gid tri cyc dai tuyét doi chia cdc phén tir trong ma tran K bang 2460. Chon s6 C =
2460 x 10" = 246 x 10”. Cdc phédn tir th¢ nhit va thit 3 trén dudng chéo chinh cha ma
tran K can dugc cong thém vao s6 C. Cic phén tr thd nhat va thit 3 trong ma tran F can
duge cong them gid tri (C x chuyén vi tuong ving) nhung vi chuyén vi cho truée déu triét
ti¢u nén c4c thanh phdn cia ma trin F khong thay déi. Cuéi ciing:
k(1, 1) =1260 + 246 x 10°; k(3,3) = 1200 + 246 x 10°
5) Can ci vao ma tran K va ma tran F da duoc bién déi, gidi hé phuong trinh:
K.Q=F
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Két qua tinh:
(q)» 92» 93) = (0; 0,189 ; 0)cmn
6) Tinh ting suat theo (3.15) va (3.17)

Thanh ]:
21000 0
o =——[-1 1] = 39,612 kNfcm?
100 0,189
Thanh 2.
0,189
o, = El%09[—1 1].[ 0 } = -56,588 kN/cm’

§3.9. THUAT TOAN LAP TRINH GIAI BAI TOAN MOT CHIEU

3.9.1. Thuat toan giai bai toan mét chiéu ding phuong phéap loai trir (CTR1)
Lay vi du trén hinh (3.22)

z
7
f;: LOKN 40KN Modun dan héi: 21000kN/em?
2.-3- —————————— e z$—» —»x Diéntich:
é Thanh 1: 5 cm?
f @ Thanh 2: 2 cm?®
T o
4

50cm 20cm

Hinh 3.22

1) Nhap s6 liéu

S6 thanh :2

S6 BTD c6 chuyén vi: 2

S6 BTD c6 chuyén vi triét tieu: 1

Sa thit tw BTD ¢6 chuyén vi triét tiéu: 3
Téng s6 BTD: 3

Cuong do luc bién: 0

H¢ s6 gidan nd: 0

S6 gia nhiét do: 0

Tai trong: -10; 40

Céc s6 liéu con lai thong ké trong bang sau:
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- Chidudai | Dientich Modun S6 thit tw BTD
Phin ur (cm) (sz) dan hdi
(kN/em?) 4, 4,
1 50 5 - 21000 3 1
2 20 2 21000 1 2

2) Xéc dinh cdc MTDC riéng theo (3.19)
3) Ghép cic MTDC riéng thainh MTDC tdng thé
4) Xéc lap vecto tai trong

Néu c6 ca hye thé tich va nhiét d6 tic dung thi ding céng thic (3.63).
5) Giat hé phuong trinh K.Q = F
6) Tinh ting suat theo (3.15) va (3.17)

') Tinh phan luc theo (3.38)

3.9.2. Thuat todn lap trinh giai bai toan mét chiéu ding phuong phap mo hinh

10 xo (CTR2)

Lay vi du trén hinh (3.23)

?
4
’g’ | 50K 30KN Modun dan héi: 21000kN/cm?
;;’——p - 19—m g x Diéntich:
g 20kN Thanh 1: 6 cm?
4 ) Thanh 2: 3 cm?
4
Z @
L 30cm Ly 25¢cm sy
Hinh 3.23
1) Nhap s6 liéu

S0 thanh :2
S5 BTD ¢6 chuyén vi (ké ca chuyén vi cho trugc): 3
Téng s6 BTD: 3
S6 BTD ¢6 chuyén vi cho trude: 1
Sé that tv BTD ¢6 chuyén vi cho trude: 1

Chuyén vi cho truéc tuong ing: 0

Cudng do luc bién: 0

He s gi

an nd: O

S6 gia nhiét do: O
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Cuong d6 luc thé tich: 0
Thanh phdn tai trong: 50; -30; 20

Cic s6 liéu con lai thong ké trong bang sau:

o Chiéu dai Dién tich Madun S6 thit ty BTD
Phan ur (cm) (sz) dan hoi
(kN/cm?) d, 4,
1 50 6 21000 1 2
2 25 3 21000 2 3

2) Xac dinh cic MTDC riéng theo (3.19)

3) Ghép cdc MTDC rieng thanh MTDC t6ng thé

4) Bién déi cdc ma tran K va F nhu da lam trong vi du (3.4)

5) Giai hé phuong trinh K*.Q = F#* '

6) Tinh #ng suit theo (3.15) va (3.17)

7) Tinh phan luc theo (3.45)

3.9.3. Thuat toan lap trinh giai bai toan mét chiéu dung ham hinh dang bac 2
(CTRY)

Lay vi du trén hinh (3.24)

~, -,
4
1 30kN : 70kN 5 g
7 e 82 5 19— . & &
g X
@ <
“ -
; © : o |
L 60cm ny 25cm Ny 60cm 0
-l >l
Hinh 3.24
1) Nhap s6 Liéu
S6 thanh :2

S& BTD ¢6 chuyén vi: 5
Téng s6 BTD: 7
S6 BTD c6 chuyén vi triét tiéu: 2
So thit tr BTD ¢6 chuyén vi triét tiéu: 6; 7
Cudng do luc bién: 0

Hé s6 giannd: 0
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56 gia nhiét do: 0

Ty trong: 0

Thanh phan tai trong: 0; -30; 0: 70: 0

Céc 6 li¢u con lai thong ké trong bang sau:
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N Ch(if; ;mi DZEI tzi)ch Eidﬁgi S6 thtt tw BTD
(kN/cm?) d, d, d,
1 60 6 21000 7 2 1
2 40 3 21000 2 4 3
3 60 6 21000 4 6 5

2) Xac dinh cic MTPC riéng theo (3.59)

3) Ghép cdc MTDC riéng thanh MTDC téng thé

4) Xdc lap vecto tai trong. Néu c6 luc bién, luc thé tich, nhiét d6 tac dung thi cin cu

vao (3.63)

5) Giai hé phuong trinh K.Q = F
6) Tinh ting suat theo (3.15) va (3.17)

7) Tinh phén luc theo (3.38)
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